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FOREWORD 


The  work  described  in  this  report  was  accomplished  by  mem¬ 
bers  of  the  Department  of  Engineering  and  Applied  Science, 
Dunham  Laboratory,  Yale  University,  under  subcontract  to  the 
SUBIC  program  (contract  NOnr  2512(00))  during  the  period  from 
July  1,  1963  to  July  1,  1964.  The  Office  of  Naval  Research  is 
the  sponsor  and  General  Dynamics/Electric  Boat  is  the  prime 
contractor.  Lcdr.  R.  N.  Crawford,  USN,  is  Project  Officer 
for  ONR;  Dr.  A.  J.  van  Woerkom  is  Project  Coordinator  for 
Electric  Boat  and  Chief  Scientist  of  the  Applied  Sciences 
Department . 

The  SUBIC  program  encompasses  all  aspects  of  submarine 
system  analysis.  This  report  is  the  second  of  a  series 
dealing  with  acoustic  signal  processing. 
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ABSTRACT 

Thie  report  describes  work  concerned  with  the  detection 
and  determination  of  the  bearing  of  a  single  target  in  an 
isotropic  noise  field.  In  the  cases  studied,  the  data  source 
was  assumed  to  be  a  single  hydrophone  or  a  given  array  of 
hydrophones.  The  problems  investigated  involved  studies  of 
likelihood  ratio  detection  of  sinusoidal  signals  in  gaussian 
noise,  likelihood  ratio  detection  of  gaussian  signals  in 
wide-band  noise,  and  determinations  of  random  bearing  errors 
due  to  processing  and  also  due  to  medium  inhomogeneity  for 
specific  types  of  sonar  systems. 


v 


I.  Introduction 


The  studies  undertaken  during  the  period  from  July  1,  1963,  to  o\ily  1, 
19&h,  are  described  in  detail  in  nine  progress  reports,  which  serve  as 
appendices  to  the  main  body  of  this  report.  The  subject  material  covered 
in  Appendices  A  through  I  can  be  arranged  in  roughly  three  categories. 

In  all  three  categories  the  work  was  concerned  with  the  processing  of  a 
signal  generated  by  a  single  target  in  a  background  of  isotropic  random 
noise. 

In  the  first  category,  the  detection  of  sinusoids  or  quasi-sinusoids 
of  unknown  centor  frequency  in  a  background  of  gaussian,  band-limited 
noise  was  considered.  It  is  well  known  that  surface  and  underwater 
targets  emit  signal  components  with  periodic  structures  as  well  as 
components  with  wide-band  random  structures.  Appendices  A,  G,  and  H  give 
the  results  of  basic  studies  involving  the  detection  of  sinusoidal  signals 
or  of  very  narrow-band  random  signals  having  a  center  frequency  known  only 

within  a  band  of  uncertainty.  The  signal  source  is  a  single  hydrophone, 

1 

and  likelihood-ratio  techniques  are  employed.  The  assumptions  and  results 
are  described  in  more  detail  in  Section  II. 

In  the  second  category,  the  studies  involved  the  detection  of  a  wide¬ 
band  directional  gaussian  signal  in  a  similar  background  of  isotropic 
noise.  1  :is  work,  carried  out  in  Appendices  C  and  D,  contains  extensions 
of  studies  reported  earlier  by  Yale  University,'  In  Appendix  Cf  the 
performance  of  a  suboptimal  detector  is  compared  to  that  of  a  likelihood- 

ratio  detector.  Since  the  completion  of  Appendix  C,  a  slightly  different 

2 

scheme  has  been  evaluated  by  Knapp,  In  Appendix  Df  the  performance  of  a 
likelihood-ratio  scheme  is  evaluated  for  the  detection  of  gaussian  signals 


2 


for  the  situation  in  which  the  average  noise  power  varies  from  hydrophone 

to  hydrophone „  The  performance  of  the  likelihood-ratio  detector  is 

compared  to  that  of  an  array  with  infinite  clippers  and  a  standard 

3 

detector.  The  assumptions  and  results  are  described  in  more  detail 
in  Section  XII, 

Finally,  in  the  third  category,  the  computation  of  random  bearing 
errors  was  considered.  Appendices  B,  E,  F,  and  I  are  studies  in  this 
category.  Appendix  E  contains  a  fundamental  study  for  determining  the 
minimum  variance  of  the  relative  delay  between  signals  generated  by 
two  hydrophcnos,  by  using  statistical  estimation  techniques.  Since  the 
bearing  of  a  single  signal  source  in  a  medium  is  directly  related  to  the 
relative  delay  between  signals  generated  by  two  transducers  separated  by 
a  known  distance,  this  study  essentially  determines  the  lower  bound  for 
random  bearing  error  for  the  simple  array  due  to  processing  techniques. 

In  Appendices  F  and  I,  the  random  bearing  errors  due  to  processing 
techniques  for  particular  types  of  sonar  systems  are  evaluated.  In 
Appendix  G,  the  bearing  uncertainty  caused  by  the  scattering  effect  of 
a  medium  with  a  randomly  varying  refraction  index  is  studied.  The 
assumptions  and  results  are  described  in  more  detail  in  Section  IV. 
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II,  Optimal  Detection  of  Sinusoids  or  Quasi -Per iodic  Signa's  in  Noise 
In  Appendix  A,  the  detection  of  a  sinusoidal  signal  of  known 
amplitude,  hut  unknown  frequency  and  phase,  in  additive  gaussian  noise 
is  considered.  Middleton  development  of  the  likelihood-ratio 
(hereafter  LR)  detector,  using  time-sampled  functions,  is  closely 
followed.  Two  cases  for  the  distribution  of  the  unknown  frequency 
are  considered:  (l)  The  frequency  is  equally  likely  to  be  one  of  m 
different  frequencies.  (2)  The  frequency  has  a  uniform  probability 
density  function  over  a  band  52  rad/sec  wide  centered  at  rad/sec . 

The  LR  formed  by  the  optimum  detector  is 

/f(v/s)) 

A(v)  .  (1) 

f(v/o) 

where  s  is  the  desired  signal  vector,  n  is  the  noise  vector,  v  »  s  +  n 

is  the  reccivod  signal,  and  f(v/s)  and  f(v/o)  are  conditional 

probability  density  functions.  The  operation  {)  indicates  averaging 

S 

over  the  signal  parameters  of  phase  and  frequency.  The  detection  scheme 
is  essentially  one  of  energy  measurement,  that  is,  an  incoherent  scheme, 
since  ^s^  =  0  .  The  logarithm  of  the  LR  is  used  as  the  test  statistic 
bocause  it  is  more  easily  interpretable. 

The  performance  index  defined  in  Eq,  (2 )  is  used  to  make  appropriate 
comparisons,  and  has  been  used  previously. 


The  index  R  is  an  output  signal -to -noise  ratio  (hereafter  SNR)  for  the 
LR  detector.  The  operations  {  )g+^  and  ( indicate  further  averages 
taken  with  signal  and  noise  present,  and  with  signal  absent  respectively. 

In  the  scries  expansion  of  log  ■S(v),  if  only  the  terms  representing 
quadratic  operations  on  v  are  retained  for  the  LR  detector,  we  have 


where 


log  ^(v)^  v'G  v  -  \  tr(K  G)  -  j  tr(K  G)2 


and  K  is  the  covariance  matrix  for  the  noise.  The  last  two  terms  in 
Eq.  (3)  represent  bias  terms  of  the  detector.  This  approximation  is 
justified  in  the  literature  on  the  basis  of  small  signal-to-noise  ratio. 
For  the  situation  in  which  the  noise  is  white  and  ideally  band- 
limited,  and  the  unknown  frequency  has  the  discrete  distribution,  the 
valuable  term  of  Eq.  (3)  is 


1  .  a 

7  2'S2-— T3 


Mrs  ^ 


\ 


v(t)  COS  6^  t  dt 


/ 


(t)  sin  o^t  dt 


where  A  ±n  the  signal  amplitude,  N  is  the  noise  power,  T  is  tne 
observation  time,  and  A  is  the  time  interval  dictated  by  the  sampling 
thoorom.  From  Eq.  (£)  the  detector  is  seen  to  consist  of  a  bank  of  m 
correlators  and  squarers  (Figure  1,  Appendix  A  ), 

Next,  fer  the  case  in  which  the  statistics  of  the  unknown  frequency 
are  given  by  uniform  probability  density  function  over  a  band  8  rad/3ec 
iri.de,  the  variable  term  in  Eq.  (3)  is  given  by  the  quadratic  form 


tho  wido-band  case,  because  it  is  assumed  that  the  ideal  profilter 


i 


t» 
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necessary  to  process  the  wi de-band  noise  to  a  narrow-band  noise  has  been 
operating  on  the  received  signal  for  an  inf ini to  time,  not  just  in  the 
observation  interval  (0,T). 

The  previous  results  apply  to  the  rocoivcd  signal  from  a  single 

2 

hydrophone.  For  an  array  of  M  hydrophones,  the  detection  index  is  M 
timos  tho  above  oxprossions.  Expressions  are  also  derived  in  Appendix  A 
for  the  case  of  non-white  background  noise,  and  a  gonoral  expression  is 
given  for  'tho  output  signal-to-noise  ratio  for  suboptimum  incoherent 
detectors. 

Tho  neglect  of  the  higher-order  terms  in  the  expansion  of  log  £(v) 
is  based  on  the  assumption  that  low  prodotection  SNR  (A  /2U)  makes  the 
higher-order  terms  negligible.  This  is  the  usual  assumption  made  in  the 
litorature.  However,  for  certain  classes  of  signals,  namely  tho  one 
considered  in  Appendix  A,  long  integration  or  observation  time  can  make 
the  highor-order  torm3  for  the  expansion  of  log  ^(v)  become  predominant, 
ovon  though  tho  pre detection  SNR  is  low. 

In  Appondix  G,  a  study  is  carried  out  of  the  conditions  undor  which 
tho  highor-order  torms  in  the  serios  for  log  £(v)  do  not  become 
negligible.  Throe  different  signal  cases  are  considered: 

1)  A  gaussian  random  signal  which  has  a  f  at  spectral  donsity  over 
a  band  of  width  S2  rad/scc. 

2)  A  narrow-band  gaussian  random  signal  with  bandwidth  rad/sec 

and  contor  frequency  go  rad/soc.  In  this  case  w  is  unknown 

c  c 

and  has  a  uniform  probability  density  function  over  tho  band  8 
and  «  9,  . 

3)  A  sinusoid  of  constant  amplitude,  unknown  frequoncy  and  phaso, 
tho  frequency  having  a  uniform  probability  donsity  function 
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over  the  band  9.  This  is  the  case  treated  partially  in 
Appendix  A. 

In  each  „aso  the  noise  is  assumed  gaussian  and  has  a  flat  spectral  density 
over  2,  the  "band"  of  the  signal. 

Since  the  noise  is  white,  and  the  signals  described  above  are 

^  =  0  ,  the  averaged  LR  and  the  tost 

statistic  are  found  to  be 


incoherent  in  the  sonso  that 


+  0(s6)  (10) 

Equation  (10)  is  exact  for  terms  through  0(s^)t 

In  order  to  justify  either  using  or  neglecting  higher-order  terms  for 
the  signal  in  Eq.  (10 ),  the  change  or  deflection  in  these  terms  must  bo 
examined  in  going  from  the  "noise-only"  condition  to  the  "signal -plus- 
noise"  condition.  The  total  change  or  dofloctlon  is  the  numerator  term 
<^log  £(v)y  -  (log  £(v)^  in  Eq.  (2).  For  each  of  the  threo  signal 

cases,  the  following  doflections  (AE)  are  calculated; 


8 


AE 


0(s2)i  =  AE 


|  ((s'K^v)2 


AE 

0 

|Tn' 

=  AE 

and 

L  J 

r 

AE 


largest  term  in  0(s  ) 


=  AE 


h  ((rr1!) 


(11) 

(12) 


(13) 


The  computations  of  the  deflections,  especially  for  higher-order 

terms,  are  extremely  complicated,  The  results  of  the  computations  are 

A2 

summarized  in  Table  1,  in  which  the  pre detection  SNR,  R^  =  7^7  , 


Signal  Description 

AE  0(s2) 

AE  O(s^) 

AEjlargest  0(s^)j 

1.  Random  gaussian 
Bandwidth  S2 

R.2  <5t 

x  + 

“\3 

oClT 

2,  Random  gaussian 
Bandwidth 

b  ■  7  <<:  1 

R.^2  JT 

RiU[(5s-l)®r>2+  <*>] 

-  Ri3  J  T 

not  computed 

3.  Sinusoid  of 

constant  amplitude 
Unknown  frequency 
and  phase 

Ri2  JT 

|  R.^Jr)3  -  R^Jr)2 
-  Ri3  Jr 

3  Ri6®')5 

Table  1 


Deflections  of  Series  Terms  for  log  l{v) 


From  Table  1  it  can  be  seen  that  only  the  random  signal  having 

bandwidth  ft  satisfies  the  assumptions  made  in  Appendix  A.  All  deflection 

terms  for  this  signal  are  proportional  to  jj)T,  and  higher-order  terms 

depend  on  higher  powers  of  ft .  Thus,  for  small  Pu ,  the  approximation  by 
2 

terms  of  the  O(s')  is  sufficient.  The  narrow-band  gaussian  signal  with 

r  j.  i  p 

uncertain  center  frequency  has  AE  0(s4)  increasing  primarily  as  (|T) 

and  the  same  deflection  for  the  steady  sinusoidal  signal  increases  as 

((j>T )  ,  Higher-order  deflections  increase  with  higher  powers  of  |jr. 

For  a  numerical  example,  let  ^  =>  .1  ,  b  “  ,1  ,  and  (j/T  a  100  . 

The  numerical  results  from  direct  substitution  into  the  expressions  in 

Table  1  are  given  in  Table  2, 


Signal  Description 

1. 

Random  gaussian 
Bandwidth  ft 

O' 

Random  gaussian 
Bandwidth  ft^ 

3. 

Sinusoid  of  constant 

amplitude 

Table  2  Numerical  Values  for  Deflections 
R±  =.l  ,  b  -  .1  ,  |T  =  100 

The  numerical  values  chosen  above  are  used  because  the  output  SNR  for  the 

r  2  t 

random  signal  of  bandwidth  ft  has  the  same  expression  as  that  for  kbjO(s  )j 
The  table  thus  gives  a  rather  marginal  output  SNR  for  detection  purposes. 
For  the  other  signals,  the  deflections  for  higher-order  terms  are  much 


larger  than  that  for  AE 


O(s^)  a 


and  therefore  cannot  be  neglected. 


a 
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The  latter  two  signal  cases  are  nonergodic  and  if  one  were  to  construct 
an  efficient  detector,  the  operations  corresponding  to  the  higher-order 
terms  of  Eq.  (10)  would  have  to  he  built  into  the  detector.  A  consideration 
of  the  higher-order  terms  for  a  signal  whose  center  frequency  is  equally 
likely  to  be  any  one  of  m  different  frequencies  suggests  a  band-splitting 
detector  containing  m  filters,  and  nonlinear  operation  on  the  output  of  each 
of  the  detectors.  Such  a  technique  is  examined  in  Appendix  H. 

In  Appendix  H  the  optimum  detector  structure  is  determined  for  the 
case  in  which  the  signal  is  assumed  to  be  a  sinusoid  with  known  amplitude 
and  phase  and  unknown  frequency.  The  frequency  is  assumed  to  take  on  any 
one  of  m  equal  .y  likely  values.  The  phase  is  assumed  to  be  known  in  order 
to  koep  the  mathematical  development  relatively  simple. 

The  averaged  LR  where  one  parameter  is  unknown  and  may  take  on  only 
discrete  values  can  be  expressed  as 

m 


<(i)  -  £ 


p.  exp 


i=l 


log  L(v,  co.  ) 


(1U) 


where  co^  are  the  possible  frequencies,  p^  are  the  respective  probabilities 
of  occurrence,  and  L(v,co^)  are  the  LR's  for  particular  values  of  frequency. 
The  decision  scheme  consists  of  comparing  £(v)  with  a  pre-set  threshold  k: 
if  £(v)  <  k  ,  "no  signal"  is  the  decision;  if  £(v)  >  k  ,  "signal  present" 
is  the  decision.  The  quantities  log  L(v,un  )  in  Eq.  (li;)  are  considered 
as  coordinates  of  an  m-dimensional  space  for  the  received  signal  v.  The 
boundary 


^  pt  exp  J^log  L (vjcoyjj  =  k 
i=l 


divides  this  space  into  the  "signal"  and  "no  signal"  regions. 


aesMStf^i 


O 


'•£.3T-^i»^KicT 
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For  the  "sum-and-test"  detector,  defined  by  the  decision  boundary  in 
Eq.  (16),  a  and  G  are  given  by 


(20) 


(21) 


From  Appendix  H,  Fig.  ii,  the  performance  of  the  sum-and-test  detector 
becomes  progressively  poorer  than  the  optimum  detector  as  d  becomes  larger. 
It  should  be  noted  that  the  optimum  detector  for  large  d  becomes  a  band¬ 
splitting  detector  by  virtue  of  the  separate -decision  criteria.  The  sum- 
and-test  detector  is  derived  by  omitting  higher-order  terms  in  the  series 
expansion  for  log  £(v).  Thus  Fig.  ii  shows  the  effect  of  this  omission. 

The  optimum  or  band-splitting  decision  scheme  and  the  sum-and-test 
decision  scheme  are  also  examined  and  compared  for  the  general  or  in¬ 
frequency  case,  whore  p^  =  ^  .  The  decision  boundary  surface  for  the 

m-dimensional  space  is  given  by 

m 


1  r~i  r 
m  U  8XtJ  [log 
i=l 


=  lc 


(22) 


and  that  for  the  sub-optimum  "sum-and-test"  scheme  by 

m 


log  L(v,wi)  =  m  log  k  -  (rn-1)  | 


icl 


(23) 


The  comparison  between  the  performance  of  the  two  detectors  is 
carried  out  by  evaluating  the  ratio  of  the  output  SIIR's  for  both  systems 
for  equal  falso-alarm  and  false -dismissal  probabilities.  This  gj vos  the 
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ratio  of  the  observation  times  necessary  to  achieve  identical  detection 
performance  in  each  case.  These  results  are  given  in  Appendix  H,  Fig.  6, 
and  are  reproduced  in  Table  3,  for  a  =  8  =  .01  . 


Ratio  of  detection  indices 
or  integration  times 

d 

sum 

d  4. 
opt 

1 

1.8 

11 

72 

Number  of  signal 
frequencies  -  m 

1 

2 

16 

128 

Table  3  Ratio  of  Detection  Indices  for  "Sum-and-Test" 
and  "Band-Splitting"  Detectors*  a  =  p  c  ,01 

It  can  be  seen  from  Table  3  that  the  advantage  of  the  band-splitting 
technique  becomes  groater  and  greater  as  the  number  of  possible 
frequencies  increases.  Thus  the  penalty  paid  by  neglecting  higher- 
order  terms  in  the  series  expansion  for  log  £(v)  can  be  quite  large, 


III.  Detection  of  Directional  Gaussian  Signals  in  Isotropic  Noise 


In  Appendix  C  a  suboptimum  detection  scheme  for  processing  the 
outputs  of  M  hydrophones  is  evaluated.  Non-zero  correlation  of  the  noise 
components  of  tho  hydrophone  outputs  is  assumed.  The  suboptimum  scheme 
consists  of  summing  the  outputs,  and  then  passing  the  resulting  voltage 
through  an  Eckart  filter,  squarer,  and  low-pass  filter. 

The  index  used  to  compare  the  performance  of  the  suboptimum  detector 
to  that  for  the  LR  detector  is  the  output  signal-to-noise  ratio  defined 
in  a  manner  similar  to  that  found  in  Eq.  (2)j 

r  „  (av.  output  with  signal)  -  (av.  output— noise  only)  a  A(av,  output) 
standard  deviation  of  output  with  noise  only  D (output) 


The  index  defined  in  Eq.  (2l|)  is  actually  analogous  to  the  square  root  of 
that  found  in  Eq.  (2 ).  The  denominator  is  evaluated  with  noise  only  since 
we  are  concerned  with  threshold  detection  problems. 

For  tho  optimum  or  LR  detector,  the  index  has  been  shown  to  be'*' 


1  _T_ 

1/2 

( 

'ifelow1 

2 

dco 

2n 

J 

n 

|N(o>) 

(25) 


where  S(w)  and  N(w)  are  the  signal  and  tho  noise  spectral  densities 
respectively  and  G(w)  is  the  array  gain  dofined  by  Bryn^  and  is  given  by 


G(o)  )  °  Tr 
'  n' 


P(n)  Q"]'(n) 


(26) 


In  Eq.  (26)  P(n)  and  Q(n)  aro  the  normalized  correlation  matricos  of 
signal  and  noise  respectively.  For  the  array  stecrod  on  target  and  no 
correlation  between  the  noise  outputs  at  each  hydrophone,  we  have 
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S(o>)' 

N(w), 


The  optimum  detector  for  the  case  of  no  cross-correlation  for  the  noise 
components  is  identical  to  the  suboptimum  detector  described  previously. 
The  purpose  of  the  study  is  the  evaluation  of  the  effects  of  cross¬ 
correlation  for  the  noise  components  of  different  hydrophones. 

The  detection  index  for  the  suboptimum  system  having  a  general 
filter  with  the  response  function  H(jw)  is  found  to  be 


S(to)  H(jtt)  dw 


if72  K2 


M  M 


H(jco)  ^  Gih(“)  d“ 


i=l  h=l 


In  Eq.  (28),  G^(w)  Is  the  cross -spectral  density  for  the  noise  components 
of  the  1  n  and  ti  hydrophones  respectively.  For  a  spherically  isotropic 
noise  field,  where  d^  is  the  distance  between  hydrophones  i  and  h, 


Gih(w)  =  N  (co) 


sin  air,, 
lh 


t  =  — 
ih  c 


The  Eckart  filter  has  the  characteristic 


HtJu)!"’  ■  a 

ir -m 
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If  one  assumes  further  that 


S(<o) 

N(co) 


co  <  co 
-  0 


CO  >  CO 


then  Eq.  (28)  reduces  tc 


T  l1/2  S 

r.  “  — - 1  M  —  - — 
1  2n 1  N  f  A 


!♦! 


*«•  sin  to  2 

y  (m  -D — 2 

si  lmo 


for  a  linear  array  with  elements  having  equal  spacing  d  and  t 


CT  mm 

0  c 


The  best  linear  filter  function  for  maximizing  r  in  Eq.  (28)  is, 

however,  not  the  Eckart  filter,  but  is  found  in  Eq.  (33)  by  means  of  the 

2 

calculus  of  variations. 


H(jw)  -  B 


S(co) 


£  £w> 


i=l  h»l 


For  this  situation,  and  utilizing  the  assumptions  in  Eqs.  (29)  and  (31 ), 
Eq.  (28)  reduces  to 


r2  '  k\  mn|  1  +  — 


Table  5  gives  the  results  of  a  numerical  evaluation  of  Eqs.  (25),  (32) 

and  (3I4)  for  a  five -element  linear  array  with  2-ft,  spacing.  The 

1  '2 

results  aro  normalized  with  respect  to  (Tcoq/2h)  '  M  (S/ll )  . 
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\  Upper  cut-off 
detector's.  frequency 
\kcps 

1 

2 

3 

5 

10 

15 

1.  Likelihood  ratio 
detector  Eq.  (25) 

.75 

1.05 

1.05 

l.Oli 

1.01 

1.005 

2.  Power  detector  with 

Eckart  filter  Eq.  (32) 

*1.) 

.kl 

.55 

.6U 

.75 

.81 

3.  Power  detector  with 
optimum  filter 

Eq.  (3k) 

.h9 

.90 

.99 

1.01 

1.00 

1.00 

Table  5  Normalized  Performance  Indices 
as  Functions  of  Upper  Cut-Off 
Frequency  for  Three  Detectors 


From  Table  5  it  is  easily  seen  that  the  detector  with  the  Eckart 
filter  is  measurably  inferior  to  the  other  two  detector  systems,  even  for 
reasonably  high  cut-off  frequencies.  However,  the  index  for  the  power 
detector  with  the  optimum  prefilter  approaches  that  for  the  LR  detector 
even  for  reasonably  low  cut-off  frequencies. 

It  is  suspected  that  any  simple  prefilter  having  high-pass 
characteristics  with  a  cut-off  frequency  in  the  vicinity  of  1250  cps 
would  yield  a  system  with  a  performance  index  closely  approaching  that 
of  the  detector  with  the  optimum  piefilter.  All  the  optimum  prefilter 
does  is  to  attenuate  the  frequency  band  over  which  appreciable  correlation 
exists  between  the  noise  components  from  different  hydrophones.  Most 
sonar  systems  are  designed  with  high-pass  characteristics,  so  it  is 
unlikely  that  significant  improvement  can  be  obtained  by  changing 
present  system  design. 


For  the  study  in  Appendix  D,  it  is  assumed  that  the  noise  outputs  of 
different  hydrophones  are  not  correlated,  and  that  the  noise  power  outputs 
from  different  hydrophones  are  not  the  same,  Likelihood-ratio  detection 
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is  examined  and  the  results  are  compared  to  those  for  a  system  using 

1  3 

infinite  clippers,  which  has  been  examined  previously.  } 

The  detection  index  defined  in  Eq.  (2it)  for  the  LR  detector  is 


1 T 

M 

V  s 

00 

f 

[*,(“)  1 

/j. 
[l-i  x_ 

1 

0 

(35) 


In  Eq,  (35),  S  is  the  signal  power  at  each  hydrophone,  I'L  is  the  noise 

power  at  the  i^1  hydrophone,  and  g  (o>)  and  g  («)  are  the  normalized 

s  n 

signal  and  noise  spectral  densities  respectively.  The  result  in  Eq.  (35) 
is  equal  to  that  in  Eq.  (2? )  for  a  LR  detector  with  input  SNR 

M 

s.i\n  1 

N  "  M  N. 
i=l 

at  each  hydrophone,  However,  as  stated  previously,  the  LR  detector  with 
the  same  SNR  at  each  hydrophone  and  no  noi3e  correlation  between 
hydrophones  is  equivalent  to  a  simple  power  detector  preceded  by  an 
Eckart  filMr. 

Thus  the  LR  detector  for  the  case  of  different  noise  powers  at  each 
hydrophone  is  instrumented  by  a  gain  control  following  each  hydrophone, 
followed  by  the  power  detector  with  an  Eckart  prefilter.  The  gain 
settings  are  such  that  the  SNR  after  summatjon  for  the  system  with 
different  noise  powers  at  each  hydrophone  is  equal  to  that  for  the  system 


1? 


with  equal  noise  powers  at  each  hydrophone,  With  the  use  of  this 
equivalence f  the  gain  settings  k^  are  found  to  be 


k 


i 


n 


1 


(36) 


and  the  average  power  at  the  output  of  each  gain  control  varies  as 

r  «  \) . 

The  comparison  between  the  LR  detector  and  the  power  detector  with 
infinite  clippers  following  the  hydrophones  is  accomplished  by  comparing 
each  to  a  power  detector  without  clippers.  A  ratio  of  performance  indices 
is  used  for  the  comparison.  The  ratio  of  the  performance  index  for  the 
LR  detector  with  the  k^  determined  by  Eq.  (36)  to  that  for  a  power 
detector  with  an  Eckart  prefilter  (k^  =  l)  is 


M  M 

^  ■  j  i  h  i  'v1 


undipped 


i=l  id 


(37) 


3 

From  previous  work,  the  ratio  of  the  SNR  for  a  power  detector  wish 
infinite  clippers  following  the  hydrophones  to  that  for  a  detector  without 
the  clippers  can  be  found  to  be 


F  =■ 
2 


'•ixppcu 


unclipped  ^  '  id  j=i+l 
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Eh 

id 


(38) 


For  a  simple  numerical  computation,  it  is  assumed  that  exactly  pM 
hydrophones  take  on  a  high  noise  value  and  (l~p)M  hydrophones  take  on 
a  low  noise  value  NT .  This  seems  reasonable  since  the  noise  values  are 
determined  by  known  patterns  of  flow  noise.  Other  statistical  descriptions 
are  considered  in  Appendix  D.  If  b  =  N^/N^  ,  Eq.  (37  )  reduces  to 
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(39) 


m 


NH..b 

1 

3 

10 

100 

1000 

_ _ °P^ .  a  p 

r  1 
undipped 

1 

1.25 

3.02 

25 

d$0 

-^EESL  -  F 

.89 

1.11 

2.13 

13.6 

118 

unclipped 

Table  6  Ratios  of  Performance  Indices 
for  Different  Values  of  Noise 
Power  Ratio 


The  results  in  Table  6  represent  extreme  values  of  improvement  for 
systems  in  which  the  noise  powers  are  known  to  vary  between  two  limits. 
The  improvement  factor  F,  for  the  LR  detector  as  IL/N  — )  «>  is  only 
2/. 89  times  the  improvement  factor  for  the  standard  detector  with 
infinite  clippers. 

Since  practical  situations  involve  noise  powers  distributed  inside 
a  relative  range  of  usually  no  more  than  100  to  1,  with  most  of  the  noise 


"  p2  +  (1-p)2  +  p(l-  p)(b  +  b’1) 


and  for  large  M  Eq3  (38)  becomes 


f2  -  .89 


p(b"1//2-l)  +  1 


12 


p(b-l)  +  1 


Equations  (39)  and  (I4O)  are  evaluated  in  Table  6  for  p  =  ^  ,  which 
yields  the  maximum  value  of  F^  and  close  to  the  maximum  value  of  Fg. 
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powers  near  the  lower  level,  the  advantage  gained  by  using  the 
instrumentation  to  set  would  be  significantly  less  than  2/. 8 $  . 
Moreover,  the  possibilities  of  nonstationarity,  coupled  with  the 
complexity  of  estimating  1M  to  drive  automatic  gain  control  circuits, 
makes  the  simplicity  of  the  infinite  clipper  attractive. 

IV,  Random  Bearing  Errors 

Appendix  E  contains  a  basic  study  for  determining  the  minimum 
variance  in  estimating  the  time  delay  6  between  the  signal  components 
of  the  outputs  of  two  hydrophones.  The  total  outputs  for  the  hydrophones 
are  given  by  s(t)  +  n^(t)  and  s(t  -  6)  +  ^(t)  .  It  is  assumed  that 
signal  and  noise  are  gaussian  and  ideally  limited  to  a  band  W  cps  wide, 
and  the  noise  components  are  not  correlated.  Signal  and  noise  are  thus 
completely  described  by  2TW  samples  for  an  observation  time  T. 

The  data  available  to  the  estimator  are  given  by  the  row  vector 
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A  well  -laiown  theorem 


7 


of  statistical  estimation  states  that  the 


boat  estimate,  lot,  of  normalized  time  delay,  1c,  has  a  variance  given  by 
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E 


(k*-k)‘ 


log  P(£;k) 


I 


-1 


(U6) 


where  P(£;k)  is  the  probability  density  function  for  £.  and  is  a  function 
of  the  parameter  to  be  estimated.  The  density  function  is  gaussian  and  has 
1|TW  dimensions. 


PU;k)  = 


(U7) 


In  Eq.  (hi),  'I  is  the  covariance  matrix  for  £. 

The  operations  on  P(£*k)  described  in  Eq.  (I46)  are  tedious  and  require 
extensive  matrix  manipul  cion,  The  result  obtained  for  the  case  k  =  0  is 


(k*-  k)‘ 


(S  +  N1)(S  +  N2)-  S' 
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Wien  the  usual  assumptions  VJT  »  1  and  *  iy*  <<  1  are  made,  the 

1 1  2 


expression  in  Eq.  (UO )  may  be  simplified  and  translated  to  a  bearing 
uncertainty  with  the  relation 


Thus 
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(90) 


If  the  minimum  estimation  error  given  by  Eq.  (J48)  is  attainable,  it 
can  be  attained  by  a  maximum  likelihood  estimator.  For  maxiinum  likelihood 
estimation, 
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—  log  P(£jk)  =  0 

aic 

must  be  solved  for  k  as  a  function  of  i .  This  is  extremely  difficult  to 
do,  but  a  nearly  equivalent  technique  is  to  steer  the  array  physically 
or  electronically  until  6=0.  Since  conventional  estimation  techniques 
produce  the  minimum  value  of  Oq  in  Eq.  (f?0),  errors  involved  in  this 
steering  technique  are  not  investigated. 

The  effects  of  nonstationary  signal  rength  and  also  delay  errors 
due  to  the  medium  are  also  discussed  briefly  in  Appendix  E. 

Appendix  B  contans  an  analysis  of  the  bearing  uncertainty  due  to 
processing  errors  in  a  conventional  split-beam  sonar  system.  In  this 
system  (Fig.  1,  Appendix  B)  the  outputs  of  each  set  of  M  hydrophones 
from  a  linear,  equally  spaced  array  of  2M  hydrophones  are  summed,  and  each 
sum  is  fed  into  a  linear  filter.  The  frequency  response  functions  of 
these  filters  are  related  in  that  there  is  90°  phase  shift  between  the 
response  functions  at  all  frequencies.  The  filtered  sums  are  passed 
through  infinite  clippers,  the  results  are  multiplied,  and  the  product 
averaged  with  a  low-pass  filter,  The  signal  and  noise  are  gaussian,  and 
the  noise  components  from  different  transducers  are  uncorrelated. 

The  voltages  following  the  summing  operation  are  given  by 


rM  f 

Vl)  “  L  nL 

t  -  (i  -  1  )T 

+  n^t) 

i=l  l 

- 

(51) 


where  T  is  the  3ignal  time  delay  between  adjacent  hydrophones.  The 
frequency  response  functions  of  the  linear  filters  enjoy  the  simple 
minimum  phase  relation 
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Ha(3»)  =  HgOio) 


(53) 


where  k  is  a  proportionality  constant. 

The  average  output  of  the  low-pass  filter  is 


y  =  -  arcsin 
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in  which  R  .  R  -  and  R  are  cross-  and  autocorrelation  functions  for 

Vb  xa  *b 

the  output  voltages  of  the  filters  described  in  Eq.  (53). 

1 3M 

For  threshold  signal  conditions  I  ~  «  1  Eq,  (5U)  reduces  to 
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in  which  g  (co)  and  g  (to)  are  normalized  signal  and  noise  spectral  densities, 
3  n 

as  defined  previously.  It  is  easy  to  see  that  y  =  0  for  T  »  0  . 

The  bearing  uncertainty  is  defined  by 


o„  =  -r  a 
0  d  z 


dy 
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(56) 


where  o^  is  the  standard  deviation  for  the  output  of  the  final  low-pass 
z 


filter. 
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Evaluation  of  the  terms  in  Eq,  ($6)  yields 
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Employing  the  calculus  of  variations,  one  finds  the  minimum  bearing 
uncertainty  to  be 
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In  Eqs.  (57)  and  (58),  co^  is  the  noise  bandwidth  of  the  low-pass  filter. 
In  obtaining  Eq,  (5? ),  an  approximation  is  mode  which  causes  the 
result  to  be  approximately  20  per  cent  lower  than  the  actual  answer  due 
to  the  infinite  clipping  action.  Also  it  is  demonstrated  in  Appendix  F 
that  the  result  in  Eq.  (58)  holds  for  even  more  general  filter  response 
functions,  (jio)  and  ( q co ) . 


With  the  use  of  the  spectral  model 
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it  is  found  that  the  minimum  bearing  uncertainty  is 
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For 


M  =  25  ,  c  =  5000  ft/sec  ,  d  =  2  ft  ,  co^  =  1  rad/sec  ,  r  =  10  kyd  , 


a  -  6X10 


-11  CM 


^  =  0,1  ,  we  have  cy  =  ,0i8  degrees  . 


min 


Two  comparisons  are  carried  out  between  systems  with  sub optimum 
filters  and  the  system  with  the  filters  specified  by  Eqs.  (5?)  and  (53). 
In  one  case,  for  the  system  with  the  bandpass  filter  function 
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60,000 


the  ratio  of  the  bearing  uncertainty  to  the  minimum  value  is  below  2 
from  ranges  of  20  kyd  to  below  1  kyd.  At  3.3  kyd  the  ratio  is  1,03. 

Tills  investigation  shows  that  optimum  filter  characteristics  need  not 
be  met  exactly  if  performance  closely  approaching  the  optimum  is 
desired.  This  investigation  also  supports  to  some  extent  the  statement 
in  .Section  III  concerning  the  approximation  of  ihe  characteristic 
required  by  Eq,  (33). 

Sinco  the  bearing  error  calculated  above  is  not  particularly  large, 
it  is  highly  possible  that  other  sources,  such  as  medium  inhomogenoities, 
contribute  significant  amounts. 


A  comparison  with  the  result  in  Eq. 


(50)  for  the  maximum  likelihood 


t  stint, leu  is  also  possible;.  If  we  sut  if 
l'ur  luij  <  A  nW  and  an.t  elsewhere  ,  M 


’  >  y  J  y  ,  g3(^)/gn(w)  3  1 

lb,  -  !i  ,  then  Eqs.  (56)  and 
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(50)  become  identical.  The  bearing  uncertainty  for  the  split-beam  system 
considered  here  is  therefore  about  20  per  cent  greater  than  that  for  the 
maximum-likelihood  estimator  due  to  approximations  involved  in  obtaining 
Eq.  (57 ).  The  approximations  were  made  for  mathematical  expressions  that 
were  generated  due  to  the  infinite  clipping  action. 

Appendix  I  contains  a  study  of  the  bearing  errors  generated  by  the 

processing  techniques  of  a  PUFFS  tracking  sonar  system.  The  basic 

elements  of  a  PUFFS  system  are  shown  in  Fig,  1,  Appendix  I,  and  consist 

q 

of  two  hydrophones,  two  DElay  Line  Time  Compressors,  a  polarity 
coincidence  indicator  and  summer,  a  digital-to-analog  converter,  and  a 
nonlinoar  filter  called  a  W0X-1A  tracker.  The  analysis  of  the  system 
is  carried  out  in  general  terms,  and  reference  to  specific  numbers,  which 
might  characterize  particular  systems,  is  not  emphasized.  The  operation 
of  tho  system  is  described  in  detail  in  Appondix  I,  Section  I. 

The  system  operation  is  such  that  the  output  voltage  of  the 
hydrophono  amplifiers  are  infinitely  clipped  and  time-sampled.  These 
samples  from  both  channels  are  processed  in  such  a  way  os  to  give  a 
real-time  estimate  of  t.  e  cross -cor relation  function  between  the  signals 
generated  by  tho  hydrophones.  The  usual  assumptions  of  gaussian  input 
signals  and  noi3e,  and  zero  noise  correlation  between  channels,  are  made. 
The  input  SNR  is  also  assumed  to  bo  small.  The  W0X-1A  tracker  determines 
tho  tine  value  of  tho  poak  of  tho  estimated  croos-corrolation  function  by 
employing  a  gate  circuit  which  makes  use  of  area  subtraction  and  a 
nonlinear  error-correction  technique. 

The  analysis  centers  on  determining  tho  expressions  for  (1)  the 
K-point  correlation  estimate  generate-  by  the  two  DELTIC  processors  and 


the  polarity  coincidence  indicator  and  summer,  (2)  the  expected  gate 
circuit  output,  (3)  the  variance  of  the  gate  circuit  output,  and  (1*)  the 
variance  of  the  tracker  output.  The  bearing  uncertainty  is  calculated 
from  a  relation  almost  identical  to  Eq.  (56).  The  bearing  uncertainty 
represented  by  the  random  output  of  the  gate  circuit  can  be  directly 
compared  to  results  obtained  in  Appendix  F. 

A  number  of  general  results  for  bearing  uncertainty  are  obtained  in 
Appendix  I,  but  the  simplest  to  present  in  this  summary  are  found  in 
Eqs.  (63)  and  (61*). 
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Equation  (63)  represents  a  lower  bound  on  bearing  uncertainty  and  Eq.  (61*), 
an  upper  bound  for  the  following  condition: 
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Also  coqT  0  n  ,  T  is  the  time  between  signal  samples,  K  is  the  number  of 
signal  samples  in  the  observation  period,  and  G  is  the  width  of  the  gate 
circuit  in  Eqs.  (63)  and  (61*).  The  results  hold  only  for  integer  values 
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In  order  to  compare  these  results  to  those  in  Eq,  (57 ),  we  let 
B(j“)  =  1  ,  «r,  =  >  and  a>Q  =  -  .  We  get 
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The  ratios  of  the  results  in  Eqs.  (63)  and  (6k)  to  those  in  Eq.  (66) 


give 
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For  ^  3  1  »  for  which  the  gate  width  is  approximately  equal  to  the  process 
correlation  time,  the  ratio  above  has  an  upper  bound  of  3  and  a  lower  bound 

IG  1/2  G 

of  unity.  The  ratio  increases  approximately  as  [W  f0r  higher  ^  . 

These  results  and  others  included  in  Appendix  I  indicate  that  it  is 
desirable  to  use  a  fairly  large  gate  width  G  for  high  gain  or  sensitivity. 
However,  for  gate  widths  larger  than  the  process  correlation  time,  the 
sensitivity  does  not  increase  greatly.  The  results  also  show  that  the 
bearing  uncertainty  increases  as  gate  width  gets  larger  than  the  process 
correlation  time,  but  remains  relatively  constant  for  gate  widths  less 
than  the  correlation  time.  Thus  a  gate  width  equal  to  the  correlation 
time  of  tho  process  provides  good  sensitivity  and  low  bearing  uncertainty. 
This  choice  scons  to  have  been  used  in  the  design  of  the  present  PUFFS 
systems . 
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The  effect  of  the  W0X-1A  tracker  as  a  nonlinear  filter  that  increases 
observation  time  and  decreases  random  bearing  error  is  also  discussed. 

In  Appendix  F,  the  evaluation  of  bearing  errors  due  to  scattering 
in  a  medium  with  a  fluctuating  refractive  index  is  accomplished  for  a 
split-beam  system  identical  to  that  described  in  Appendix  B.  Results 
taken  from  work  by  Chernov^  are  employed  in  the  analysis. 

In  particular,  Chernov  assumes  a  single-frequency  plane-wave 
propagating  through  a  medium  in  which  the  variance  of  the  refractive 
index  is  /p,  y,  For  typical  sonar  reception  conditions,  the  variance 
of  the  phase  and  log  amplitude  of  the  received  signal  at  one  location 
after  traveling  through  the  .random  medium  a  distance  of  r  feet  are 
respectively 


In  Eq.  (68)  a  is  the  correlation  distance  for  the  spatial  fluctuations  of 
the  refractivo  index.  Also  the  following  normalized  cross -correlation 
function  holds  for  the  outputs  of  two  hydrophones  broadside  to  the 

direction  of  propagation:  ^2 

"  “2 

Rr  »  Ry  *  b  a  (69) 
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where  l  is  the  separation  of  ■‘■■he  two  hydrophones. 

The  bearing  uncortainty  for  the  split-beam  array  of  2M  hydrophones 
broadside  to  the  direction  of  propagation  is 
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cr 
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where 


The  bearing  uncertainty  is  seen  to  satisfy  the  inequality 


rl/2  rl/2 

r - <  «  KJ_ 

W'  (m)  M(M1) 


If  M  »  2$  ,  d  -  2  ft  ,  r  =  30,000  ft  or  10  kyd  ,  a  -  2  ft  , 

(n2)  “  5X1°"^  ,  then  Eq,  (70)  gives  ctq  -=  2.8X10“^  degrees. 

This  numerical  result  is  an  extremely  small  bearing  error.  Quite 
possibly  the  assumed  value  of  ^1^  is  several  orders  of  magnitude 
too  small,  because  more  fluctuation  of  signal  power  is  experimentally 
observed  than  that  given  by  Eq.  (68)  with  <^i^=  fJXlO’"^  .  It  is  also 
worth  noting  that  the  analysis  holds  for  single -frequency  signals.  It 
is  expected  that  fluctuations  for  broadband  random  signals  are  even 
smaller.  Certainly  more  work  needs  to  be  done  in  this  area. 
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I.  Introduction 


1  2 

Earlier  reports  3  have  dealt  with  the  optimum  detection  of  signals 

which  were  assumed  to  be  gaussian  random  processes.  It  is  known,  however, 

that  various  signals  with  more  or  less  coherent  time  structure  are 

2 

sometimes  observed.  Tuteur  considered  the  detection  of  a  gaussian  signal 
whose  power  is  amplitude  modulated  by  a  low  frequency  sinusoid  of  known 
amplitude,  phase  and  frequency.  This  report  considers  the  optimum 
detection  of  certain  baseband  signals  which  are  typically  observed  in 
the  frequency  range  near  100  c.p.s.  There  is  reason  to  believe  that 
these  signals  are  periodic  time  functions  with  coherent  phase  structure, 
but  the  frequencies  are  not  known  precisely. 

For  convenience  in  this  analysis  the  signal  is  taken  to  be  a  steady 
sinusoid  with  known  amplitude  but  unknown  frequency  and  phase.  Since  in 
practice  the  amplitude  of  such  a  signal  would  not  be  known  precisely, 
the  results  are  to  bo  considered  as  upper  bounds  on  the  performance  of 
the  detection  system. 

Two  general  cases  are  considered,  one  in  which  the  frequency  of  the 
sinusoid  is  known  to  be  one  of  a  finite  discrete  set  of  frequencies,  the 
other  in  which  the  frequency  is  given  by  a  flat,  unimodal  probability 
density  function  (p.d.f,  )  over  the  band  of  frequency  uncertainty. 

II,  Likelihood  Ratio  Detection  of  General  Signals  in  Additive  Gaussian  Noise 
The  general  theory  of  likelihood  ratio  (hereafter  LR)  detection  of 

3  ^ 

signals  in  additive  gaussian  noise  has  been  outlined  by  several  authors.  ' 

In  this  section  wc  follow  rather  closely  Middleton's^  development  of  the 
form  of  the  optimum  LR  detector. 


A-l 
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Here  and  throughout  this  report  ue  shall  assume  the  following; 

1)  The  desired  signal  is  deterministic,  though  its  functional  form 
will  in  general  include  certain  parameters  the  values  of  which  are  not 
known  except  statistically.  The  stochastic  parameters  are  assumed 
independent. 

2)  The  noise  is  additive  and  ghussian  with  zero  mean. 

3.)  The  signal  and  noise  processes  are  independent. 

The  general  technique  for  developing  the  form  of  the  optimum  detector 
can  be  applied  equally  well  for  continuous  signals  or  for  discrete 
(sampled)  signals.  Howevor,  in  order  to  keep  the  derivation  simple  and 
to  obviate  the  necessity  of  discussing  integral  equations,  we  shall 
treat  the  discrete  case.  The  various  time-sampled  signal  functions 
and  noise  functions  then  take  the  forms  of  signal  vectors  and  noise 
vectors.  The  samples  are  assumed  to  be  uniformly  spaced  in  time,  though 
we  do  not  make  use  of  this  assumption  in  this  section. 

The  received  signal  vector  is  given  by 

v  «  s  +  n  (l) 

where  s  i3  the  "desired  signal"  vector  and  n  is  the  noise  vector  (horeafter 
simply  referred  to  as  the  received  signal,  the  desired  sign.'  l  and  the 
noise ). 

The  optimum  detector  forms  the  LR 

(f(v/s)) 

t(v)  =  - —  (2) 

f  (v/o) 

f(v/s)  and  f(v/o)  an;  conditional  probability  density  functions  (p.d.f.  *3) 
for  the  received  signal  given  that  the  desired  signal  i  present  and  given 


The  LR  thus  calculated  is  compared  to  a  fixed  threshold  and  if  the  threshold 
is  exceeded,  the  decision  is  made  that  the  dosirod  signal  is  present. 

To  derive  the  form  of  the  optimum  detector,  we  l)  expand  the 
exponential  form  in  Eq.  (6)  in  a  power  series,  2)  perform  the  averaging 
/  \  term  by  term,  and  3)  expand  in  £(v)  in  another  power  series.  The 

quantity  in  i(v),  rather  than  £(v),  is  usually  taken  to  be  the  test 
statistic  in  a  LR  detector.  One  reason  is  that  in  i(v)  is  more  readily 
interpretable  in  terms  of  electronic  correlation  and  filtering  operations. 
For  the  caso  of  low  input  signal-to-noise  ratio,  we  shall  be  ablo  to  find 
a  suitable  approximation  to  the  optimum  detoctor  by  neglecting  certain 
higher  order  terms  in  the  signal. 
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The  aforementioned  stops  are  straightforward,  and  the  following 
e.  pansion  can  easily  be  verified: 

lr\  l(v)  «  (s'k^v) 


+  0(s5)  (7) 


where  ^  ^  implies  \  j  throughout.  Equation  (7)  is  exact  through 

s 


0(s4),  We  note  that  if  the  structure  of  the  desired  signal  is  known 

completely,  the  averaging  operation  ^  over  unknown  signal  parameters 

3 

is  trivial,  and  each  of  the  seven  bracketed  terms  in  Eq,  (7)  is 
identically  equal  to  zero.  In  such  a  case  the  optimum  detector  would 


perform  the  following  operation: 
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in  i(v) 


'  -1  1  '  -1 
a  K  V-o-sK  s 


AV  V  ■*  2 


(8) 


a  result  which  can  be  verified  from  Eq,  (6). 
Noting  that 


=  (s  )  K'^v 


'S  N  'S 

we  can  distinguish  two  different  classes  of  optimum  detection: 


( 9 ) 


1)  If  (s)  /  0  ,  the  optimum  detection  process  is  considered  to  bo 

"coherent,"  In  such  a  case,  Eq,  (7)  contains  a  term  which  is  linear  in  v. 
In  the  threshold  case  of  low  input  SNR,  the  principal  contribution  to 
^n  l(v)  is  from  the  linear  term  and  the  higher  order  terms  can  be 
nogloctod  or  replaced  by  appropriate  average  values.  The  optimum  detection 
operation  is  then  approximately  a  cross-correlation  of  the  receivod  signal 
with  a  replica  of  the  desired  signal, 

2)  If  /s)  =  0  ,  the  optimum  detection  process  is  said  to  be 

WS 

"incoherent,"  In  such  a  case,  the  linear  term  in  Eq,  (7)  disappears  and 

tho  principal  contribution  to  in  i(v)  is  from  a  second  order  torn 

representing  a  square  law  operation  on  the  received  signal.  As  in  case  l), 

,  _x  2 

Higher  order  terms  in  (s  K  v)  are  either  negloctod  or  replaced  by 
appropriate  average  values,  such  averago  values  being  takon  into  tho 
bias  in  tho  threshold  comparison. 

Ill,  LR  Detection  of  a  Sine  Wave  with  Unknown  Frequency  and  Phase- 
Discrete  Frequency  Distribution 

In  this  section  we  shall  consider  the  problem  of  detecting,  in  the 


presonco  of  additivo  gaussian  noise,  a  steady  sine  wave  whose  amplitude 
is  known  but  who3e  frequency  and  phase  are  statistically  described. 


Ill,  1.  The  Form  of  the  Detector 

We  consider  the  desired  signal,  in  continuous  form,  to  be 
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st 


s(t)  =  A  cos(at  -  ji) 


(10) 


In  sampled  form, 


=  a/. 


s  =  A  |  cos  (artn  -  0)j 


(11) 


The  radian  frequency  o>  and  the  phase  0  are  unknown  but  their 
probability  distributions  are  known,  Let  us  assume  that  the  phase  0  is 
uniformly  distributed  from  0  to  2n,  i,e., 

0  <  0  <  2n 


p(0)  "s 


1 


(12) 


elsewhere 


We  shall  assume  that  the  frequency  is  equally  likely  to  be  one  of  m 
different  frequencies: 

p(“i> "  ;  ■  i  =  i,  2,  .... 


m 


(13) 


In  deriving  the  form  of  the  optimum  detector,  we  are  concerned  with 
two  terms  which  represent  linear  and  square  law  operations  on  the  received 
signal,  respectively.  They  are: 


,,'“1 A  =  /3\'  w"1-' 
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s)  K  v 
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where 


A  '\ 


C  =  K  (s  3  )  K 

-  /s  - 


We  see  then  that  the  desired  signal  s  enters  into  the  detector  operation 
through  the  forms  and  /s  s  ^  .  Averaging  over  phase  first, 


(l)^  =<  ^  cos(ojti  -  JZS)  djZ! 


Thus  the  optimum  detection  is  "incoherent.11  Turning  to  the  nonlinear  term, 


("V  s  cos(o3t^  -  I)  cos  (cot ^  -  0)  d0 


cn  cn 

r—j  ^  cos£w(c^  +  t^)  -  ?$]  dj#  +  ^  cos  co(t^  -  t^)  d0 


y  COS  w(ti  -  t..) 


and,  averaging  over  frequency, 


(s  s' 


in 

Ycos  ^(t.  -  t  ) 


In  Eq,  (7)  the  linear  term  and  the  third  order  terms  (in  s)  disappear. 
The  most  significant  fourth  order  terms  (in  s)  are  replaced  by  their 
averages  taken  in  the  absence  of  desired  signal.  The  detector  operation 
is  then  approximately 


Cl 
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=  -  |  tr  (K  G)2  -  J  tr2(K  G)  (23) 


Substituting  Eqs.  (21),  (22)  and  (23)  into  Eq.  (20),  we  obtain 

l  n  l  (v  v  5  v  ■  j  tr  (K  G )  -  r  tr  (£2)  (2h ) 
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The  operation  of  the  optimum  detector  for  the  case  of  a  sine  wave 
with  unknown  frequencj'-  and  unknown  phase  is  given  by  the  incoherent  form 
Eq.  (210,  where  G  is  given  by  Eq.  (l6)  and  (s  s^)  by  Eq.  (19). 

Output  Signal-to-Noise  Ratio 

Since  we  shall  be  concerned  in  this  report  with  cases  of  incoherent 
detection,  we  shall  now  derive  an  expression  for  a  performance  index 
which  we  can  use  to  make  compari;  j  among  various  optimum  and  sub-optimum 
detection  schemes,  A  definition  r  f  output  signal-to-noise  ratio  which  has 
been  used  in  earlier  reports  is 

.2 

(in  l{vj)  -  (in  l(vj) 

-x  iS+N  N  7w- 
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\ln  l(v)  -  (in  £(v)\ 

L  "  J/N  N  'N 


(25) 


For  convenience,  we  shall  use  this  definition  here. 
From  Eq.  (210,  above, 
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=  3  tr  (K  G)  -  \  tr  (K  G)  -  £  tr  (X  5)2 

=  "  H 


Also 


In  l(y) 
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Therefore, 


In  l(v) 


In  »  i  tr  (K  G)2 


and,  from  Eq.  (2$), 


Ill,  2.  Detection  in  White  Noise 

If  the  background  noise  is  white  and  wide-sense  stationary,  the 
covariance  matrix  for  the  noise,  K,  is  a  diagonal  matrix  and  is  given  by 


K  =  N  I 


where  N  is  the  noise  power  and  I  is  the  unit  matrix.  Therefore, 
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The  operation  on  the  received  signal  is  then 
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It  is  informative  to  approximate  the  inner  summations  by  integrations: 
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where  A  is  the  tine  interval  between  uniformly  spaced  samples  and  T  is  the 
observation  time  of  the  received  signal. 

Thus  the  optimum  detector  consists  of  a  bank  of  m  pairs  of  correlators 
and  squarers  followed  by  an  adder  and  a  threshold  device.  These  operations 
are  shown  in  Figure  1.  The  correlators  in  the  detector,  shown  typically 
in  the  dashed  box  in  Fig.  1,  can  be  implemented  by  matched  filters. 

It  is  clear  that  if  the  uncertainty  about  the  frequency  of  the  sine 
wave  is  enlarged  to  a  greater  and  greater  number  of  discrete  frequencies, 
we  simply  incorporate  more  and  more  pairs  of  correlators  and  squarers 
into  the  detector.  It  is  also  clear  from  Eq,  (35)  that  if  the  probabilities 
of  the  m  discrete  frequencies  are  not  uniform,  the  m  terms  in  the 
summation  are  simply  weighted  according  to  the  probabil  ties  of  the 
various  frequencies.  In  terms  of  the  actual  detector,  the  m  inputs  to 
the  adder  are  appropriately  weighted. 

Ill,  3.  Detection  in  Non-White  Noise 

If  the  noise  background  is  non-white,  the  covariance  matrix  K  is 
no  longer  diagonal,  and  the  matrix  G  becomes  in  general 
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Optimum  Detector 


The  operation  on  the  received  signal  then  becomes 


IV.  LR  Detection  of  a  Sine  Wave  with  Unknown  Frequency  and  Phase-- 
Contlnuous  Frequency  Distribution 

A  more  general  kind  of  uncertainty  about  the  frequency  of  the  sir.e 

wave  is  one  in  which  the  unknown  frequency  has  a  p.d.f.  over  a  range  of 

the  spectrum.  In  this  section  we  assume  that  the  frequency  is  Jpown  only 

to  lie  between  certain  upper  and  lower  limits.  For  convenience  we  shall 

assume  that  the  p.d.f.  is  flat  and  unimodal. 

IV,  1,  The  Form  of  the  Optimum  Detector 

As  in  sections  III.l  through  III. 3,  the  desired  signal  in  continuous 

form  is  taken  to  be 


s{t)  =  A  cos  (cot  -  0) 

(38) 

and  in  sampled  form, 

s  =  A  <jcos  (ootn  -  j0)j> 

(3  9) 

The  phase  $  is  assumed  to  be  uniformly  distributed  over  0 ,  2n  and 
tho  radian  frequency  co  to  bo  uniformly  distributed  over  a  band  &  rnd/soc 
wide  centered  a*,  to  rad/sec,  i.e., 
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As  before 


seo  E.q,  (17) 
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and  the  optimum  detector  is  termed  "incoherent."  The  operation  on  the 
received  signal  is  thus 


|  v'g  v  =  |  vV1  (a  s|)  K"K 


(10 ) 


Carrying  out  the  averaging  <^s  s  \  over  j6  and  o,  we  have  first  !  ‘ice  Sq, 
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ration  of  the  optimum  detector  upon  the  received  signal  is  therefore 


0*8) 


Detection  In  White  Noise 


Broadband  Low-Pass  White  Noise. 


Vie  shall  now  consider  a  cases  in  which  the  power  density  spectrum  of 
the  noise  is  fin*  with  amplitude  N  watts/rad/sec  over  the  frequency 
range  0,W  rod/sac  and  contains  no  power  in  frequencies  greater  than  W,  i.e., 


N  ■=  W  N 


(1*9) 


Using  well-known  results  of  sampling  analysis,  we  can  assumo  that 
a:j::pi.ou  of  the  noise  n(t)  will  be  uncorrelatod  (and  hence  statistically 


i  n  let  v 


adeni,  since  '  he  noj.se  is  gaussian)  if  samples  are  taken  at  time 


•  nturv  j  i  a 


A  = 


2X  bandwidth  in  c.p.s. 


(50) 


A  =  1 

"  W 
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A  ~1,6 


It  is  assumed  that  W  is  greater  than  the  highest  possible  signal 
frequency,  i,e.,  V/  >  to  +  ~  ,  and  that  WT  »  1  .  Under  these 
assumptions,  all  of  the  information  in  the  received  continuous  signal 
v(t),  observed  during  the  interval  (0,T),  will  be  contained  in  the 
samples  taken  at  intervals  of  ^  . 

For  the  noise  spectrum  and  sampling  procedure  described,  the 
covariance  matrix  K  is  diagonal  and  Eq.  (I48)  becomes 


i  v  G  v  =  v  l  sine  I  (t.  -  t.)  cos  to  (t.  -  t.) 
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-A*  )  )  v.v.  sine  (f)  (t.  -  b.)  cos  to  (t.  -  t.)  (52) 
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The  operation  of  the  optimum  detector  upon  the  received  signal  is  thu3 
given  by  the  quadratic  form  Eq.  (52).  The  output  signal-to-noise  ratio  R, 
from  Eq.  (31 ),  is 


R  =  \  tr  (K  G)2 
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For  purposes  of  computation,  we  obtain  an  approximation  to  R:  for 

2 

co  »  ft  and  to  T  »  1  ,  cos  to  (t.  -  t.)  can  be  replaced  by  its 
0  0  ,  01  y  1 

average  value,  ^  >  and 
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Replacing  the  double  summation  in  Eq,  (5b)  by  a  double  integration  w 
obtain  a  further  approximation: 

T  T 

.li  ,r2  if 


_r_  .  vr 

i6n2  ? 


dt  j  do  sine  (jj  (t  -  cr) 
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t  i 


The  output  SNR,  as  given  by  Eq.  (5b),  is  plotted  in  Fig.  2  for 
W  =  10  £2,  As  the  noise  bandwidth  W  becomes  very  much  larger  than  $2,  the 
summation  in  Eq,  (53)  converges  to  the  integral  in  Eq.  (55).  Eq.  (55) 
can  thus  be  regarded  as  the  output  SNR  for  the  case  of  continuous  filtering. 

From  the  figure  it  can  be  seen  that  a  suitable  approximation  to  R 
for  reasonably  long  integration  time,  i.e,,  for  ([) T  »  1  ,  is 


[|  N  S2' 
o 


(55a) 


Rewriting  Eq,  (55a)  slightly. 


8n  N  S2 
0 


(5£b) 


In  this  form  we  see  that  R  is  proportional  to  observation  time  T  and 
inversely  proportional  to  the  bandwidth  of  signal  frequency  uncertainty  $2. 

Ideally  Filtered  White  Noise 

If  at  the  detector  it  is  known  with  certainty  that  the  frequency  of 
the  desired  signal  lies  between  the  strict  limits  co  -  ^  ,  coq  +  ^  , 
then  prior  to  detection,  the  incoming  signal  should  bo  filtered  to  remove 


.11  noise  power  outside  those  frequency  limits.  Ue  shall  now  consider 


nm 
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such  a  case  and  shall  assume  that  the  filtering  is  ideal,  so  that  the  noise 

spectral  level  after  filtering  is  Nq  within  |  ,  coq  +  ^  ,  and  is  zero 

elsewhere.  Wo  then  have  N  =  N  Q  . 

o 

For  such  strictly  band-limited  noise,  we  can  choose  a  sampling 
interval  so  that  the  samples  of  the  noise  will  be  completely  uncorrelated. 
Sampling  theory  dictates'  that  such  samples  bo  taken  at  intervals  — 

l 

where  ft  =  2n  (j)  .  In  order  that  the  noise  be  completely  specified  by  the 
sample  values,  it  is  necessary  to  sample  both  the  noise  waveform  n(t)  and 
its  Hilbert  transform  h(t).  These  sample  values,  taken  at  the  samo 
sampling  instant,  are  combined  into  a  "complex  sample,"  n(t^)  +  j  h(t^)  . 

Applying  these  ideas  to  the  detection  problem  at  hand,  wo  can  simply 
replace  v  in  Eq,  (52)  by  v  +  j  u  where  u  represents  the  sampled  Hilbert 
transform  of  v(t).  For  (j)  T  »  1  ,  all  of  the  information  in  tho  rocoivod 
signal  v(t)  will  be  contained  in  the  complex  samples  v(t^)  +  i  u(t^) 
taken  at  intervals  — .  The  noise  covariance  matrix  is  again  diagonal. 

I 

Thu3,  rewriting  Eq.  (52)  for  the  band-pass  case, 


i(v-ju)G(v+ju) 


n  n 


(v.v.  +  u.u.)  sine  (j)  (t.  -  t.)  cos  co  (t.  -  t.)  (56) 

l  J  i  j  1  i  y  ov  l  y 


i-1  j-0. 


where,  now,  n  ■=  <j>T. 


■it  C 

For  an  excellent  discussion  of  sampling  analysis,  sec  Woodward.' 


Optimum  Detectors 


1  (v'-  j  u! )  0  (v  +  j  u)  =>  -K  )  (v,2+  u  2)  (58) 

2  “  "  "  "  “  ^  1  1 

But^ 


and  Eq.  (58)  can  be  rewritten  as 

p  n  p 
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w  v  Q  v  c  -  w  )  v.  a  ■  '■  "it  v  I  v  (60 ) 
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whoro  n  «  2  (jjT.  The  oxprossions  in  Eq.  (60)  are  rocognizod  as  discrete 
forms  of  th°  oporations  performed  by  a  squaro-lnw  device  and  integrator. 
Wo  conclude  thon  that  the  optimum  detector  for  the  enso  of  white  noiue 
ideally  filtered  to  tho  band  of  signal  frequency  uncertainty  is  a  square 
law  device  followed  by  on  integrator. 


Output  SNR 


To  calculate  tho  output  SNR,  wo  shall  consider  the  square-law  devico 


in  its  continuous  form,  i.e.,  tho  detector  output  is  taken  to  bo  J  v  (t)  dt  . 


Tho  derivation  of  R  is  straightforward,  and  the  result  is  given  hero,  tho 
do  tails  boing  left  to  Appondix  A. 
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However,  wo  noto  that 
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Therofore  all  tho  cross-terms  in  Eq.  (56)  disappear,  and  we  are  left  with 
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and  Eq.  (58)  can  be  rowritton  as 
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whoro  n  =  2  (j>T,  The  oxprossions  in  Eq.  (60)  are  recognizod  as  discrote 
forms  of  tho  operations  porformod  by  a  square-law  device  and  integrator. 

Wo  conclude  then  that  tho  optimum  detoctor  for  tho  caso  of  white  noise 
ideally  filtered  to  tho  band  of  signal  frequency  uncertainty  is  a  square 
law  devico  followed  by  an  integrator. 

Output  SNR 

To  calculate  the  output  SNR,  wo  shall  consider  the  square-law  devico 

J  2 

in  its  continuous  form,  i.e.,  tho  detector  output  is  taken  to  bo  /  v  (t)  dt  . 

Tho  derivation  of  R  is  straightforward,  and  the  rosult  is  given  hero,  tho 
details  being  left  to  Appondix  A. 
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,lt  T2 

R  ~ - —LI -  (61) 

|t  $t 

16  n^NQ^  J  dx  j  dy  sinc^(x  -  y) 

0  0 

This  is  plotted  in  Fig.  2  as  a  function  of  (j>  T .  It  is  seen  from  the 
figure  that  the  curve  for  R  vs.  (j)  T  for  this  case  of  ideally  filtered  white 
noise  is  identical  in  form  to  the  corresponding  curve  for  the  case  of 
broadband  white  noise,  except  for  a  constant  vertical  displacement.  This 
result  is  misleading  since  it  seems  to  indicate  that  one  can  improve  upon 
the  performance  of  the  optimum  detector  derived  for  the  broadband  white 
noise  case  simply  by  pre-filtering  the  noise  to  the  band  of  signal 
frequency  uncertainty.  However,  this  cannot  be  the  case  in  view  of  the 
known  optimality  of  LR  detection.  The  cause  of  this  discrepancy  lies  in 
the  assumed  nature  of  the  ideal  pre-filtering  operation.  In  deriving 
Eq.  (6l)  it  was  assumed  that  the  filter  w^s  operating  in  a  steady-state 
condition,  i.e.,  that  the  received  signal  was  applied  to  the  filter  a 
long  time  before  the  start  of  the  observation  period  (0,  T).  .'his, 
however,  is  a  false  assumption,  since  the  received  signal  is  available 
only  during  the  period  (0,  f).  An  analysis  which  takes  into  account 
the  transient  operation  of  the  filter  is  rat  .or  involved  and  is  taken  up 
in  Appendix  B.  The  output  SNR  .for  such  a  short-term  filter  followed  by 
a  squarer  and  integrator  is  derived  but  is  not  easily  evaluable.  However, 
it  can  be  shown  that  for  large  and  small  values  of  5  T  respectively,  the 
SNR  behaves  as  does  R  for  the  original  case  of  optimum  detection  in 
broadband  white  noise. 

It  is  therefore  conjectured  that  the  optimum  procedure  for  the 
dotection  of  a  3teady  sine  wave  of  unknown  frequency  in  a  background  of 
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white  noise  consists  of  a  filtering  of  the  received  signal  to  the  band 

of  signal  frequency  uncertainty  followed  by  squaring  and  integration, 

V.  Comparison  with  the  Optimal  Detection  of  a  Gaussian  Signal 

It  is  of  interest  to  compare  the  results  obtained  thus  far  with  the 

case  of  optimal  detection  of  a  gaussian  random  signal  in  a  background  of 

gaussian  noise.  The  question  to  be  answered  is  whether  or  not  a  periodic 

signal  with  unknown  frequency  is  more  detectable  than  a  gaussian  random 

signal  of  the  same  average  power  having  a  power  spectral  density  over 

2 

the  same  band  of  uncertainty.  The  results  of  Tuteur  are  applicable 
in  this  case. 

Adapting  Tuteur1 s  Eq,  (13)  we  find  that  the  operation  to  be  performed 
by  the  LR  detector  to  detect  a  gaussian  signal  in  gaussian  noise  is 

An  A(v)  =  v  K~^P  K’^v  +  Bias  terms  (62) 


where  P  is  the  covariance  matrix  of  the  signal.  If  the  power  spectral 
density  of  the  signal  is  flat  over  the  frequency  band  (“0  -  f  >  “0  +  §  ) 
with  total  average  power  y-  ,  then 


4-  3inc  0  (t.  -  t.)  cos  co  (t,  -  t.) 
2  1  i  3  o'  i  J 


But  this  is  seen  to  be  identical  to  the  matrix  s ^ 
Section  IV. 1.  Therefore 


derived  in 


(63) 
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Thus  the  optimum  detector  for  the  case  of  a  gaussian  signal  with  a 
flat  spectral  density  over  a  given  frequency  band  is  identical  to  the 
detector  derived  in  Section  IV. 1  for  the  case  of  a  sine  wave  whose 
frequency  has  a  flat  p.d.f.  over  the  same  band.  The  some  gaussian  noise 
background  is  assumed  in  e  eh  case.  The  output  SNR,  R,  is  also  the 
same  in  the  two  cases  See  Tuteur,  Eq,  (20)"j,  We  therefore  conclude 
that  if  the  desired  signal  is  known  only  to  lie  between  certain  upper 
and  lower  frequency  limits,  there  is  no  advantage  to  be  gained  from 
knowledge  that  the  signal  is  periodic  rather  than  random  and  gaussian. 

In  either  case,  the  optimum  detector  consists  of  a  filter  matched  to 
the  signal  band  followed  by  a  squarer  and  integrator 
VI.  Detection  with  a  Hydrophone  Array 

We  have  up  to  this  point  considered  signal  processing  with  a  single 
hydrophone.  Let  us  now  assume  that  an  array  of  M  hydrophones  is  used 
to  detect  the  desired  signal  in  a  three-dimensional  isotropic  gaussian 
noise  field.  For  such  a  noise  background,  it  can  be  shown^  that  the  cross¬ 
correlation  function  for  noise  outputs  from  two  separated  hydrophones  is 


given  by 


R(t,T  )  »  —  I  h’(t')  dt' 

2tsJ 


where  =  —  is  the  time  required  for  a  signal  to  travel  the  spacing,  d, 
s  c 

1.1. 

between  the  two  hydrophones  when  the  speed  of  sound  in  water  is  c.  R  (r  ) 

is  the  a.c.f.  for  th  noise  arriving  at  any  one  hydrophone.  Wo  note  that 

Eq.  (65)  simply  represents  the  average  value  of  R  (t  )  over  an  interval 

2t  wide  centered  at  r. 
s 
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The  various  signal  and  noise  vectors  v,  s  and  n  are  now  taken  to  be 
nXM-dimensional  vectors  and  the  matrices  K,  ^s  s  G  and  I  are  taken 

to  be  nXM-dimensional  matrices.  It  will  be  assumed  that  the  array  is 

being  steered  "on  target"  so  that  the  matrix  /s  s\  will  consist  of  an 

X  S 

MXM  matrix  of  identical  nXn  submatrices. 

Broadband  White  Noise  Background — Hydrophone  Array 

If  the  noi3e  background  is  white  with  finite  power  and  essentially 

infinite  bandwidth,  it  can  easily  be  3hown  that  the  noise  covariance 

matrix  K  is  diagonal.  Assuming  the  desired  signal  to  be  as  described 

in  Section  IV,  i.e.,  a  steady  sine  wave  whose  phase  and  frequency  are 

described  by  p.d.f.  *s,  the  matrix  (s  s  )  is  an  MXM  matrix  of  nX  n 

V  S 

submatrices,  each  identical  to  the  form  in  Eq.  {hS),  derived  for  the 
case  of  a  single  hydrophone.  The  nXM  matrix  G  for  the  array  case  is 
given  by 


and  is  itself  a  matrix  of  Identical  submatrices. 

Thus  it  can  easily  be  verified  that  the  optimum  detector  sums  the 
signals  picked  up  at  the  M  hydrophones,  and  performs  the  quadratic 
operation  v'o  v  where  v  is  now  the  output  of  the  summer  and  G  is 
identical  to  the  form  originally  derived  in  Section  IV. 2  for  the  single 
hydrophone  case.  We  have  previously  conjectured  that  the  continuous 

i— 

form  of  the  operation  v  G  v  consists  of  a  filtering  to  the  signal 

band  (cc  -  ~  ,  a>  +  x  )  followed  by  squaring  and  integrating, 
o  d  o  d 

The  nX  M  matrix  F  G  is 

-  2  '  I 

LJ 


(67) 
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It  can  readily  be  verified  that  for  the  array  case 


j)T  $T 

|  tr  (KG)2  =  I  dxf  atnc2(x  ~ 

IlN  S2  I 

0  t)  0 


In  other  words,  for  the  case  of  broadband  white  noise,  the  output 
3ignal-to-noise  ratio  with  the  array  of  M  hydrophones  is  M2  times  that 
with  a  single  hydrophone  £cf  ..pare  with  Eq.  (55  )j. 


Note  on  the 


In  obtaining  the  form  of  the  optimum  detection  operation  from  Eq,  (7), 
for  the  case  of  a  single  hydrophone,  we  assumed  that  threshold  conditions 
prevailed,  i.e.,  the  input  SNR  was  low  and  higher  order  terms  in  the  SNR 
could  be  neglected.  In  terms  of  the  specific  problems  treated  this 
implied  for  the  single  hydrophone  case 


«  1 


It  should  be  noted  that  for  the  M-array  case,  the  equivalent 


condition  is  that 


«  1 


VII,  Output  SNR  with  a  Sub-optimum  Incoherent  Detector 

One  may  wish  to  compare  the  performance  of  the  optimum  incoherent 
detector  with  some  sub-optimum  detector.  For  that  purpose  we  next  shall 
derive  a  compact  expression  for  the  output  SNR,  R,  of  a  general  Incoherent 
detector  which  forms  the  test  statistic 


d(v)  =  v  F  v 


(71) 
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The  matrix  F  is  an  nXn  matrix  in  the  single  hydrophone  case,  which  we 

shall  consider  first.  The  quantity  vFv  can  be  thought  of  (in 

continuous  form)  as  the  squared  output  of  a  filter  which  i.s  not  necessarily 

time -invariant,  subsequently  integrated  over  the  observation  time  of  the 

received  signal.  The  interpretation  of  F  can  be  made  as  follows: 

Let  the  discrete  form  of  the  filter  weighting  function  be  an  nXn 

•it- 

matrix  H,  and  let  the  output  of  the  filter  be  the  vector  Y  =  H  v  . 

i  t 

The  squared  and  summer  filter  output  is  then  v  H  H  v  .  Thus,  letting 

v’h'hv  =  v'f  v  (12) 

we  have 

F  -  h'h  (73) 


Now  the  output  SNR  is  to  be  found.  The  calculations  of  the  required 
averages  are  similar  to  those  in  deriving  Eqs.  (26),  (27)  and  (29).  The 
following  can  easily  be  shown: 


Thus,  from  Eq..  ( 2 


+  tr  (K  F) 


-  tr  (K  F) 


2  tr  (K  F)2  +  tr2  (K  F) 


tr 

/s  s')  f) 

-4  i 

2  tr  (K  F)2 


(7h) 

(75) 

(76) 


(77) 


’'More  explicitly,  Yi  -  H^V  .  If  the  filter  is  to  be 

then  Yi  =  0  for  i  <  j  ,  for  any  v.  This  is  assured  if  = 


realisable, 

0  fer  i  <  j  , 


tnuo  H  is  "lower  diagonal"  in  such  a  case. 
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Let  us  now  use  Eq,  (77 )  to  calculate  the  output  SNR  for  the  case 
considered  earlier,  i.e.,  the  case  of  a  steady  sinusoid  whose  frequency 
lies  somewhere  in  a  band  rad/sec  wide  centered  at  Let  us  as3um6 

the  noise  is  white  and  strictly  cut-off  at  W  rad/sec.  In  such  a  case, 
s^>  is  given  by  Eq,  (L5)  as  before.  Here  F  simply  represents  the 

s 

square-and-add  operation  and  so 

F  *»  I  (70) 


Since  the  noise  is  white, 

K  -  N  I 


(19) 


Thus,  from  Eq.  (77)  we  have 


R  « 


nT 


8N 


1 


m  1  11 

8nN 


WT 


(80) 


W  T 

where  n  ®  -  .  It  is  clear  of  course  that  the  result  Ea.  (80)  does  not 

71 

depend  in  any  way  upon  the  uncertainty  about  signal  frequency.  However, 
Eq,  (80)  can  be  rewritten  in  a  more  interesting  form: 


R  = 


UN 

0 


'a 

w 


Jt 


w  >  a 


(o: ) 


This  is  seen  to  be  identical  to  Eq,  (55a)  except  for  the  factor  ^  .  Thus 
we  can  summarize: 

If  the  background  noise  is  white  over  a  band  (0,  W)  ,  the  optimum  LR 
detector  consists  of  a  filter  matched  to  the  band  of  signal  frequency 
uncertainty  8,  where  W  >  2  ,  followed  by  a  squarer  and  an  integrator. 

If,  however,  the  received  signal  is  not  filtered  before  detection  but  is 
simply  squared  and  integrated,  the  output  SNR  derived  for  the  optimum 
detector  must  be  multiplied  by  ths  factor  -  . 


VIII,  Sub-optimum  Detection- -Hydrophone  Array 


A -2? 


t 

If  an  M-hydrophone  array  is  used,  the  operation  equivalent  to  v  F  v 

in  Eq,  (71)  consists  of  summing  the  outputs  from  the  M  hydrophones  and 

1 

then  using  the  summer  output  in  the  quadratic  form  v  F  v. 

If  the  background  noise  is  broadband  white,  and  the  array  is  steered 
on  target,  it  can  easily  be  verified  that  the  output  SNR  is 


A** 

I4N  2  Q2 

0 


(82) 


IX.  Conclusions 

There  is  evidence  that  the  low  frequency  portion  of  received  signal 
spectrum  contains  certain  coherent  signals  which  may  be  used  as  a  basis 
for  detection.  It  had  been  hoped  that  advantage  could  be  taken  of  the 
periodic  nature  of  these  signals  to  perform  some  form  of  coherent 
detection  and  thereby  enhance  signal  detectability.  However,  the  lack 
of  precise  knowledge  about  the  frequency  of  the  periodicity  is  a  stumbling 
block.  If  the  frequency  is  known  only  to  lie  within  certain  upper  and 
lower  limits,  then  the  optimum  detection  procedure  is  an  incoherent  one, 
i.e.,  an  energy  measurement  of  the  received  signal.  Coherent  detection 
is,  generally  speaking,  cross-correlation  with  a  replica  of  the  desired 
signal.  However,  effective  cross-correlation  requires  at  least  a 
knowledge  of  the  frequency  or  fundamental  frequency  of  the  signal.  This 
in  a  nutshell  is  why  the  optimum  detection  scheme  for  the  case  we  have 
considered  is  not  a  coherent  scheme. 

A  comparison  of  the  case  of  a  sinusoidal  signal  of  unknown  frequency 
and  ohase  with  the  case  of  a  gaussian  random  signal  shows  that  in  either 
case  the  optimum  LR  detector  has  the  same  form,  i.e,,  a  purely  incoherent 


A -28 


detector.  This  indicates  that  a  periodic  signal  of  unknown  frequency  is  no 
more  detectable  than  a  gaussian  random  signal  of  the  same  power  confined  to 
the  same  frequency  band.  This  is  a  surprising  result,  but  one  which  follows 
quite  clearly  from  a  straightforward  application  of  the  general  theory  of 
optimal  (minimum  average  risk)  detection  as  outlined  by  Middleton. 

Even  though  the  unknown  signal  frequency  may  have  a  value  anywhere  in 
a  given  region  of  uncertainty,  it  seems  intuitively  that  one  should  be  able 
to  make  use  of  the  fact  that  in  the  observation  interval  at  hand,  the  signal 
frequency  takes  on  but  one  of  its  possible  values  for  the  entire  interval. 
With  this  idea  in  mind,  a  detection  scheme  has  been  considered  in  which  the 
overall  band  of  signal  frequency  uncertainty  is  split  up  into  a  number  of 
sub-bands.  The  SNR  is  thus  enhanced  in  one  cub-band,  that  which  contains 
the  signal.  Each  of  the  sub-bands  is  then  processed  by  means  of  an  incoherent 
threshold  detector  and  a  final  decision  is  made  on  the  basis  of  the  outputs 
of  the  sub-band  detectors.  Preliminary  results  indicate  that  this  scheme 
would  perform  better  than  the  "optimum"  detector  derived  in  this  report. 
Presumably,  the  same  improvement  would  be  exhibited  if  the  signal  were  not 
a  pure  sinusoid  but  a  narrow-band  signal  whose  center  frequency  was  not 
known  exactly.  In  such  a  case  the  width  of  each  sub-band  would  be  chosen 
approximately  equal  to  the  width  of  the  narrow-band  signal. 

This  result  brings  up  some  serious  questions  regarding  the  supposed 
optimality  of  LR  detection,  since  this  arbitrary  band-splitting  operation 
is  not  dictated  by  the  results  of  the  general  optimum  detection  analysis. 
Therefore  the  general  detection  problem,  as  analyzed  from  the  Bayes  1 
risk  point  of  view,  is  presently  being  re-examined.  This  investigation, 
as  well  as  the  analysis  of  the  band-sp] itting  scheme,  will  be  subjects 
of  later  reports. 
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Square  Law  Detector  I— Ideal  Filtering 
band-pass  filter  sguarer 
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Figure  A-l  Square  Law  Detector 

The  detector  output,  i.e,,  the  test  statistic  to  be  used  in  the 
threshold  comparison,  is 


x^(t)  dt 


0 


where 


x(t)  =  /  v(t)  h(t  -  t)  dT 


JX> 


(A-l) 


(A-2) 


and  h(T)  is  the  weighting  function  for  a  rectangular  filter  matched  tc 
the  band  of  signal  frequency  uncertainty.  The  (-00)  value  of  the  lower 
limit  in  Eq,  (A-2)  implies  that  the  filter  is  operating  in  a  "steady- 
state"  condition.  The  background  noi3e  contained  in  v(t)  is  assumed  to 
be  flat  over  a  broad  band. 

The  output  SNR  will  be  taken  as  normalized  deflection-squared,  as 
before.  The  necessary  averages  are  calculated  as  follows: 

/jUo. 


(z  / 
S+N 


dt  \  ' (t )  +  2  s(t)  n  (t)  +  n„  (t) 


hc 

—  T  +  N  9.  T 
2  0 


(A-3 ) 


where  iip(t)  is  the  noise  at  the  output  of  the  filter. 
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T  T 
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N  2fi2  +  2  R2(t  -  a) 
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(A-ll) 


-  NQ2a2T2  +  2  I  dt  da  Rp2(t  -  a) 


0  0 


(A-*) 


where  Rp(x)  is  the  a.c.f.  for  rip(t) 
Thus, 

R  » 


T2 


(A-6) 


- T - T 

8  /  dt  f  do  Rp2(t  -  a) 

0  Jo 

For  the  rectangular  filter  with  flat  response  over  (u  -  |  ,  coq  +  ^ )  , 


Rp(t  -  a)  =  sine  (j)  (t  -  a)  cos  WQ(t  -  o)  (A-7 ) 
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Thus  In  this  case 
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1 - T 
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8  NqcQ6  dt  da  sine6  |j  (t 
J  > 


a)  cos6  coQ(t  -  a) 
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i*  Nq2S26  J  dt  J  da  sine41  <[>  (t  -  a) 
0  0 


or, 

I  '  I 
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Appendix  B 


Square  Law  Detector  II— Short-Term  Filtering 


In  this  Appendix  we  assume  that  the  pre-detection  filter  cannot  operate 
on  the  infinite  past  history  of  the  received  signal  v(t)  as  was  assumed  in 
the  previous  Appendix 

weight  only  as  much  of  v(i)  as  is  available  at  any  time  in  the  observation 
interval  (0  <  t  <  T)  .  With  this  restriction,  x(t)  now  takes  the  form 


See  Eq.  (A-2  )j  .  Instead,  the  filter  is  allowed  to 


Again, 


x(t)  =  |  v(x)  h(t  -  t)  dr 
'0 


(B-l) 


Now, 


z  -  J  x  (t)  dt 
0 


T 

z  =  j  dt 
0 


dx  v(x)  h(t  -  t) 
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J 


do  v(o)  h(t  -  o) 


0 


T  t  t 

dt  j'  dz  j  do  v(x)  v(o)  h(t  -  x)  h(t  -  o) 
"0  0  0 


(B-2) 


(B-3) 


The  output  SNR  R  is  required.  We  obtain  the  appropriate  averages 
as  follows : 


+N 


T  t 
j  dt  /  dx 
'0  t) 
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s  ( x )  +  n  ( x) 


h(t  -  x)  j  do  j^s(o)  +  n(o) 


h(t  -  a). 
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T  t  t 


dx  da(s(x)  s(a^)  h(t  -  t)  h(t  -  a) 


'0  "0  0 


t  t 


+  /  dr  do  R('»>  -  a)  h(t  -  t)  h(t  -  a) 


0  0 


T  t  t 


dx  /  da  R(x  -  a)  h(t  -  x)  h(t  -  a) 
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Thus, 


T  t  t 


0  0  0 


Lotting 


<4(x)  s (a))  =  Rs(x  -  a) 


we  can  write 


T  t  t 


”/dt[dx( 


da  R  (x  -  a)  h(x)  h(a) 

3 


0  0  0 


Calculating  the  variance  of  z  given  that  only  noise  is  present, 


/T  |-  t  t 

z2)  =  •  I  dt  [  dx  v(x)  h(t  -  x)  [  da  v(a)  h(t  -  a) 
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dt  /  dx  /  da  (s(x)  s ( a ))  h(t  -  x)  h(t  -  a)  (B-6) 
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List  of  Symbols 


A  =  signal  amplitude 

|B(t^)j  =  a  vector 

|B(t^,t^)j  =  a  matrix 

c  =  velocity  of  sound  in  water 

d  =  distance  between  two  hydrophones 

d(v)  =  test  statistic  in  sub-optimum  detection 

6(x)  =  Dirac  delta  function 

A  =  sampling  interval 

F  «  coefficient  matrix  of  sub-optimum  quadratic  form 

f(v/o)  =  conditional  probability  density  of  v  with  no  signal  present 

f(v/s)  =  conditional  probability  density  of  v  with  signal  present 

3)  =  bandwidth  of  signal  frequency  uncertainty  in  cps 

jtf  **  phase  of  desired  signal 

G  =  coefficient  matrix  of  optimum  quadratic  form 

H  «  filter  weighting  matrix 

h(Tr)  =  filter  weighting  function 

h(t^)  =  sample  of  Hilbert  transform  of  n(t) 

I  =  identity  matrix 

K  =  noise  covariance  matrix 

K,~j  =  element  of  inverse  covariance  matrix 

^ ( v )  =  likelihood  ratio 

M  =  number  of  hydrophones  in  an  array 

m  =  number  of  possible  discrete  signal  freq  jncies 

N  --  noise  power 

No  =  noise  spectrum  level  in  watts/rps 


n  =  number  of  time  samples 
n  =  noise  vector 

n(t)  =  noise  signal  in  continuous  form 
rip(t)  =  noise  signal  after  filtering 
0(x)  =  "at  most  on  the  order  of  x" 

P(xi)  =  probability  function 
p(x)  =  probability  density  function 
R  =  output  signal-to-noise  ratio 

i  i 

R  (t  )  =  autocorrelation  function  of  noise  at  a  hydrophone 

R(t,t  )  «  cross-correlation  function  for  noise  signals  at 
two  different  hydrophones 

Rp(x)  =  a.ctf,  of  noise  after  filtering 

S  =  set  of  unknown  signal  parameters 

s  =  desired  signal  vector 

i 

s  a  transpose  of  vector  s 

s(t)  =  desired  signal  in  continuous  form 

T  =  observation  time  of  received  signal 

t  =  time  delay  between  two  hydrophones 
s 

u  *»  sampled  Hilbert  transform  of  v(t) 

v  =  received  signal  vector 

v(t)  =  received  signal  in  continuous  form 

W  «  noise  bandwidth  in  rps 

x(t)  =  received  waveform  after  filtering 

ft  =  bandwidth  of  signal  frequency  uncertainty  in  rps 

co  =  signal  frequency 

coo  =  center  of  band  of  signal  frequency  uncertainty 
Y  =  filter  output  in  sub-optimum  detection 
y(t)  =  received  waveform  after  squarer 


=  integrator  output 


det  A  =  determinant  of  matrix  A 

0=  statistical  average,  conditioned  on  presence  of  noise  only 


N 


()  =  statistical  average,  conditioned  on  presence  of  both  signal 

S+N  and  noise 


tr  A  =  trace  of  matrix  A 


Abbreviations 

a,c,f,  =  autocorrelation  function 
LR  ®  likelihood  ratio 
p.d.f.  =  probability  density  function 
SNR  =  signal -to-noise  l’atio 
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I,  Introduction 


The  determination  of  the  bearing  of  a  plane-wave  random  signal  in  a 
background  of  isotropic  random  noise,  by  means  of  so-called  "split-beam” 
systems  of  transducers,  has  been  popular  because  a  null  output  is 
obtained  when  the  transducers  are  steered  "on  target."  Such  systems 
are  of  great  value  in  automatic  tracking  applications. 

However,  the  random  fluctuation  of  the  output  of  such  systems 
causes  uncertainty  in  the  determination  of  the  bearing  of  signal  source. 
It  is  the  purpose  of  this  report  to  determine  general  mathematical 
relations  for  the  computation  of  the  bearing  uncertainty,  and  from 
these  relations  to  determine  system  parameters  which  optimize  or 
minimize  the  bearing  uncertainty. 

The  problem  of  determining  bearing  uncertainty  has  been  treated 
in  Reference  1,  but  the  analysis  is  somewhat  restricted  in  that  the 
system  is  not  quite  as  general  as  the  one  considered  here.  The  problem 
of  minimizing  bearing  uncertainty  has  not  been  treated  previously,  but 
the  analysis  is  parallel  tc  that  done  by  Eckart  in  Reference  2,  There 
also  seems  to  be  an  error  in  Reference  1  in  the  analysis  concerning 
multi -element  arrays. 

II,  Definitions  and  Assumptions 

The  system  to  be  analyzed  is  shown  in  Fig.  1.  The  outputs  of  each 
set  of  M  transducers  from  an  array  of  2M  transducers  are  summed  and 
each  sum  is  then  fed  into  a  linear  filter.  The  frequency  response 
functions  of  the  filters  are  related  in  that  there  is  a  90°  phase  shift 
between  the  response  functions  at  all  frequencies.  The  filtered  sums 
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Fig,  1  Typical  Split-Beam  System 

are  then  passed  through  infinite  clippers,  the  results  are  multiplied  and 
the  product  i3  averaged  by  means  of  a  low-pass  filter.  The  average  output 
of  the  low-pass  filter  as  the  array  is  steered  gives  the  bearing  response 
pattern  for  the  system. 

Following  are  the  major  assumptions  inherent  in  the  analysis: 

1)  The  transducers  in  Lhe  array  have  omnidirectional  characteristics . 

2)  The  array  of  2M  transducers  is  a  linear  array,  with  equal  spacing 
between  transducers. 

3)  The  signal  in  the  medium  is  a  plane  wave. 

lj)  The  noise  is  isotropic  in  the  medium  and  the  cross-correlation 
between  tho  noise  components  of  the  outputs  of  different  transducers  is 


nssumod  to  be  zero. 


B-3 


5)  The  signal  and  noise  are  Gaussian  and  stationary,  and  signal  and 
noise  are  independent, 

6)  The  spectral  density  of  the  signal  need  not  be  the  same  as  that 
for  the  noise  at  the  output  of  any  transducer. 

Ill,  Bearing  Response  Pattern 

Since  the  signal  is  a  plane  wave,  the  array  is  linear  with  equal 

spacing  between  transducers,  and  the  transducers  are  omnidirectional, 

*th 

the  relation  in  Eq.  (1)  holds  for  the  sign*.  component  from  the  i  n 
transducer. 


ai(t)  3  s1 


t  -(i  -  l)T 


(1) 


The  time  T  is  the  spatial  time  delay  of  the  signal  between  adjacent 
transducers.  When  T  =  0  ,  the  bearing  of  the  signal  is  perpendicular 
to  the  line  of  the  array. 

The  outputs  o;  the  summing  amplifiers  in  Hg.  1  are  given  by 
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*  %k(t) 


The  autocorrelation  function  of  v^(t)  and  Vg(t)  may  be  expressed 
in  terms  of  the  autocorrelation  functions  of  the  signal  and  noise  at  any 
transducer  by  means  of  the  following  relations. 


(2) 

(3) 
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=  S  Z  Ep.[-a-  *#]  +  MNpn(T)  (U) 

i-1  6*1 

R  (t)  =  R  (t)  (5>) 

VB  VA 

In  Eq«  (U)  S  and  N  are  the  signal  and  noise  powers  at  each  transducer 

respectively,  and  p  and  p  are  the  corresponding  normalized  autocorrelation 

s  n 

functions , 

The  spectral  densities  of  v^  and  v^  are  the  Fourier  transforms  of 
the  corresponding  autocorrelation  functions.*  In  Eq.  (6)  gg /co)  and  fn(“) 
are  the  normalized  spectral  density  functions  for  signal  and  for  noise 
respectively  at  every  transducer, 

*The  transform  pair  given  below  will  oe  used  for  relati  lg  spectral 
densities  and  correlation  functions  throughout  this  report. 
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G  (“)  a  G  (w) 
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The  filter  frequency  response  functions  are  related  in  that  there  is  a 
90°  phase  difference  between  their  phase  angle  at  every  frequency.  Since 
simple  filter  realizations  are  desirable,  for  the  initial  analysis  it  is 
assumed  that 

Ha(o«)  n  HB(jw)  (8) 


where  k  is  an  arbitrary  proportionality  constant. 

The  spectral  densities  of  the  outputs  of  the  filters  are  found  in 
Eqs,  (9)  and  (10 ). 
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The  development  in  Eqs,  (l)  through  (10)  is  preliminary  in 
determining  the  bearing  response,  which  is  the  average  value  of  the 
output  of  the  multiplier,  y.  The  value  of  y  is  dependent  or.  the  time 
delay  T,  and  has  been  found  to  be^ 


~  2 

y  =  -  arcsm 
n 


R  (0) 
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7  W? 

R  (0)  R  (0)! 

XA  XB 


(11) 


u  ^ 


The  quantity  R  (0)  is  the  cross-correlation  function  of  x.  ft)  and  x„(t) 
XA*B  h '  D 

at  t  °  0  ,  The  cross-correlation  may  be  evaluated  by  first  writing  the 
convolution  integrals  which  yield  x^(t)  and  x^ft). 
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k=l  l  1  ) 


(13) 


In  Eqs,  (12)  and  (13)  h^(a)  and  hQ(p)  are  the  weighting  functions  of  the 
filters  with  frequency  response  functions  H^(jco)  and  Hg(jco)  respectively. 
The  cross-correlation  at  t  °  0  is  defined  by 


R  (0) 

w 


E 


A 
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Since  there  is  no  correlation  between  the  noise  outputs  of  different 
transducers,  the  noise  terms  disappear  when  Eq3,  (12)  and  (13)  are 
substituted  into  Eq,  (llj).  Thus 
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hA(C)  hy(P)  da  dP 


a-P-(k-i  +  ;i)T 


hA(a)  hg(p)  da  dp  (15) 
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The  matrix  F  is  an  nXn  matrix  in  the  single  hydrophone  case,  which  we 
shall  consider  first.  The  quantity  vFv  can  be  thought  of  (in 
continuous  form)  as  the  squared  output  of  a  filter  which  is  not  necessarily 
time-invariant,  subsequently  integrated  over  the  observation  time  of  the 
received  signal.  The  interpretation  of  F  can  be  made  as  follows: 

Let  the  discrete  form  of  the  filter  weighting  function  be  an  nXn 
matrix  H,  and  let  the  output  of  the  filter  be  the  vector  Y  «  H  v  . 

i  t 

The  squared  and  summer  filter  output  is  then  v  H  H  v  .  Thus,  letting 

v'h'hv  -  v*Fv  (7?) 

we  have 

F  -  h'h  (73) 


Now  the  output  SNR  is  to  be  found.  The  calculations  of  the  required 
averages  are  similar  to  those  in  deriving  Eqs.  (26),  (27)  and  (29)r  The 
following  can  easily  be  shown: 


+  tr  (K  F) 


Thus,  from  Eq,  (25), 


2  tr  (K  F)2  +  tr2  (K  F) 


2  tr  (K  F)2 


(7h) 

(75) 

(76) 


(77) 


’’More  explicitly, 
then  Y.  =  0  for  i  <  j  , 
tnu.;  H  is  "lower  diagonal" 


If  tho  filter  is  to  be  realizable, 


for  any  v.  This  is  assured  if  th  ^  =  0  ror  i  <  j  , 
in  such  a  case. 


Let  us  now  use  Eq,  (77)  to  calculate  the  output  SNR  for  the  case 

considered  earlier,  i,e,,  the  case  of  a  steady  sinusoid  whose  frequency 

lies  somewhere  in  a  band  ft  rad/sec  wide  centered  at  co  ,  Let  us  '‘ssume 

0 

the  noise  is  white  and  strictly  cut-off  at  W  rad/sec.  In  such  a  case, 

s  y  is  given  by  Eq,  (ii5)  as  before.  Here  F  simply  represents  the 
V_/S 

square-and-add  operation  and  so 

F  ®  I  (78) 

Since  the  noise  is  white, 

K  =  N  I  (79) 

Thus,  from  Eq.  (77)  vie  have 

R  =  D  WT  (80) 

8ir  8nN 

W  T 

where  n  ®  -  .  It  is  clear  of  course  that  the  result  Ea.  (80)  does  not 

n 

depend  in  any  way  upon  the  uncertainty  about  signal  frequency.  However, 

Eq,  (80)  can  be  rewritten  in  a  more  interesting  form: 


R  » 


w  >  a 


(81) 


This  is  seen  to  be  identical  to  Eq,  (55a)  except  for  the  factor  g  .  Thus 
we  can  summarize: 

If  the  background  noise  is  white  over  a  band  (0,  W)  ,  the  optimum  LR 
dotector  consists  of  a  filter  matched  to  the  band  of  signal  frequency 
uncertainty  ft,  where  W  >  ft  ,  followed  by  a  squarer  and  an  integrator. 

If,  however,  the  received  signal  is  not  filtered  before  detection  but  is 
simply  squared  and  integrated,  the  output  SNR  derived  for  the  optimum 
detector  mu3t  be  multiplied  by  the  factor  ^  , 


VIII.  Sub-optimum  Detection-Hydrophone  Array 

t 

If  an  M-hydrophone  array  is  used,  the  operation  equivalent  to  vF  v 
in  Eq.  (71 )  consists  of  summing  the  outputs  from  the  M  hydrophones  and 
then  using  the  summer  output  in  the  quadratic  form  v*F  v. 

If  the  background  noise  is  broadband  white,  and  the  array  is  steered 
on  target,  it  can  easily  be  verified  that  the  output  SNR  is 


(82) 


IX.  Conclusions 

There  is  evidence  that  the  low  frequency  portion  of  received  signal 
spedtrum  contains  certain  coherent  signals  which  may  be  used  as  a  basis 
for  detection.  It  had  been  hoped  that  advantage  could  be  take*,  of  the 
periodic  nature  of  these  signals  to  perform  some  form  of  coherent 
detection  and  thereby  enhance  signal  detectability.  However,  the  lack 
of  precise  knowledge  about  the  frequency  of  the  periodicity  is  a  stumbling 
block.  If  the  frequency  is  known  only  to  lie  within  certain  upper  and 
lowdr  limits,  then  the  optimum  detection  procedure  is  an  incoherent  one, 
i.e.,  an  energy  measurement  of  the  received  signal.  Coherent  detection 
is,  generally  speaking,  cross -correlation  with  a  replica  of  the  desired 
signal.  However,  effective  cross-correlation  requires  at  least  a 
knowledge  of  the  frequency  or  fundamental  frequency  of  the  signal.  This 
in  a  nutshell  is  why  the  optimum  detection  scheme  for  the  case  we  have 
considered  is  not  a  coherent  scheme, 

A  comparison  of  the  case  of  a  sinusoidal  signal  of  unknown  frequency 
ani  nhase  with  the  case  of  a  gaussian  random  signal  shows  that  in  either 


case  the  ootimum  LR  detector  has  the  same  form,  i.e,,  a  purely  incoherent 
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detector.  This  indicates  that  a  periodic  signal  of  unknown  frequency  is  no 
more  detectable  than  a  gaussian  random  signal  of  the  same  power  confined  to 
the  same  frequency  band.  This  is  a  surprising  result,  but  one  which  follows 
quite  clearly  from  a  straightforward  application  of  the  general  theory  of 
optimal  (minimum  average  risk)  detection  as  outlined  by  Middleton. 

Even  though  the  unknown  signal  frequency  may  have  a  value  anywhere  in 
a  given  region  of  uncertainty,  it  seems  intuitively  that  one  should  be  able 
to  make  use  of  the  fact  that  in  the  observation  interval  at  hand,  the  signal 
frequency  takes  on  but  one  of  its  possible  values  for  the  entire  interval. 
With  this  idea  in  mind,  a  detection  scheme  has  been  considered  in  which  the 
overall  band  of  signal  frequency  uncertainty  is  split  up  into  a  number  of 
sub-bands.  The  SNR  is  thus  enhanced  in  one  sub-band,  that  which  contains 
the  signal.  Each  of  the  sub-bands  is  then  processed  by  means  of  an  incoherent 
threshold  detector  and  a  final  decision  is  made  on  the  basis  of  the  outputs 
of  the  sub-band  detectors.  Preliminary  results  indicate  that  this  scheme 
would  perform  better  than  the  "optimum"  detector  derived  in  this  report. 
Presumably,  the  same  improvement  would  be  exhibited  if  the  signal  were  not 
a  pure  sinusoid  but  a  narrow-band  signal  whose  center  frequency  was  not 
known  exactly.  In  such  a  case  the  width  of  each  sub-band  would  be  chosen 
approximately  equal  to  the  width  of  the  narrow-band  signal. 

This  result  brings  up  some  serious  questions  regarding  the  supposed 
optimality  of  LR  detection,  since  this  arbitrary  band-splitting  operation 
is  not  dictated  by  the  results  cf  the  general  optimum  detection  analysis. 
Therefore  the  general  detection  problem,  as  analyzed  from  the  Bayes  1 
risk  point  of  view,  is  presently  being  re-examined.  This  investigation, 
as  well  as  the  analysis  of  the  band-splitting  scheme,  will  be  subjects 


of  later  reports. 
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Figure  A-l  Square  Law  Detector 

The  detector  output,  i.e.,  the  test  statistic  to  be  used  in  the 
threshold  comparison,  is 


where 


z  =  I  x  (t)  dt 
"0 

t 

x(t)  =  j  v(t)  h(t  -  t)  dT 

-JCO 

and  h(T)  is  the  weighting  function  for  a  rectangular  filter  matched  to 
the  band  of  signal  frequency  uncertainty.  The  (~°°)  value  of  the  lower 
limit  in  Eq,  (A-2 )  implies  that  the  filter  is  operating  in  a  "steady- 
state"  condition.  The  background  noise  contained  in  v(t)  is  assumed  to 
be  flat  over  a  broad  band. 

The  output  SNR  will  be  taken  as  normalized  deflection-squared,  as 
before.  The  necessary  averages  are  calculated  as  follows: 

/: 

dt 
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where  iv(t)  is  the  noise  at  the  output  of  the  filter, 
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where  is  the  a.c.f,  for  n„(t). 
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For  the  rectangular  filter  with  flat  response  over  (coq  -  ^  ,  “o  +  ?)  ' 


Rp(t  -  a)  =  Nq£  sine  ij)  (t  -  o)  cos  a>Q(t  -  a)  (A-7 ) 
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Appendix  B 


Square  Law  Detector  II— Short-Term  Filtering 

In  this  Appendix  i;e  assume  that  the  pre-detection  filter  cannot  operate 
on  the  infinite  past  history  of  the  received  signal  v(t)  as  was  assrated  in 


the  previous  Appendix  See  Eq.  (A-2) 


.  Instead,  the  filter  is  allowed  to 


weight  only  as  much  of  v(t)  as  is  available  at  any  time  in  the  observation 
interval  (0  <  t  <T)  .  With  this  restriction,  x(t)  now  takes  the  form 


Again, 


Now, 


x(t)  =  v(t)  h(t  -  t)  dr 


z  »  I  x  (t)  dt 

Jo 
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dr  v(t)  h(t  -  t) 
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da  v(a)  h(t  -  a) 
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dt  ^  drr  j  da  v(t)  v(a)  h(t  -  t)  h(t  ~  a) 
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The  output  SNR  R  is  required.  We  obtain  the  appropriate  averages 
as  follows : 
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we  can  write 


da  R  (x  -  a)  h(x)  h(a) 
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Calculating  the  variance  of  z  given  that  only  noise  is  present. 
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Calculating  the  variance  of  z  given  that  only  noise  is  present, 
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If  the  noise  before  filtering  is  white, 


If  the  noise  is  also  gaussian, 
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(z2)  =  n2^2  j  dt  J  ds<|  J  dx  h2(t  -  x)  j  dr)  h2(s  -  r]) 
0  0  0  0 


A  —  3  U 


h(t  -  x)  h(t  -  a)  h(s  -  r^)  h(s  -  g) 


(B-9) 


yV(x)  v(yj>  =  n  Nq  6(x  -  y) 


(B-10) 


+  /  da-  h(t  -  x)  h(s  -  t)  /  da  h(t  ~  a)  h(s  -  a) 


+  /  dt  h(t  -  x)  h(s  -  t)  /  do  h(t  -  a)  h(s  - 
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List  of  Symbols 


A  =  signal  amplitude 

{B(ti  )j  =  a  vector 

|B(tpt^,  )|  =  a  matrix 

c  =  velocity  of  sound  in  water 

d  =  distance  between  two  hydrophones 

d(v)  =  test  statistic  in  sub-optimum  detection 

6(x)  =  P^'rac  delta  function 

A  =  sampling  interval 

F  =  coefficient  matrix  of  sub-optimum  quadratic  form 
f (v/o )  =  conditional  probability  density  of  v  with  no  signal  present 
f (v/s)  «  conditional  probability  density  of  v  with  signal  present 
»  bandwidth  of  signal  frequency  uncertainty  in  cps 
0  a  phase  of  desired  signal 

G  =  coefficient  matrix  of  optimum  quadratic  form 

H  =>  filter  weighting  matrix 

h(t)  =  filter  weighting  function 

h(t^)  =  sample  of  Hilbert  transform  of  n(t) 

I  =  identity  matrix 

K  =  noise  covariance  matrix 

K7*  =  element  of  inverse  covariance  matrix 

l(v)  =  likelihood  ratio 

M  =  number  of  hydrophones  in  an  array 

m  =  number  of  possible  discrete  signal  frequencies 

N  =  noise  power 

N  =  noise  spectrum  level  in  watts/rps 
o 
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n  =  number  of  time  samples 
n  =  noise  vector 

n(t)  =  noise  signal  in  continuous  form 
nF(t)  =  noise  signal  after  filtering 
e(x)  =  "at  most  on  the  order  of  x" 

P(xi)  =  probability  function 
p(x)  =  probability  density  function 
R  =  output  signal-to-noise  ratio 

t  i 

R  (t  )  =  autocorrelation  function  of  noise  at  a  hydrophone 

R(t;t  )  «  cross-correlation  function  for  noise  signals  at 
two  different  hydrophones 

Rj,(t)  =  a.c.f,  of  noise  after  filtering 

S  =  set  of  unknown  signal  parameters 

s  =■  desired  signal  vector 

i 

s  °  transpose  of  vector  s 

s(t)  =  desired  signal  in  continuous  form 

T  =  observation  time  of  received  signal 

t  o  time  delay  between  two  hydrophones 
s 

u  =  sampled  Hilbert  transform  of  v(t) 

\  =  received  signal  vector 

v(t)  =  received  signal  in  continuous  form 

W  =  noise  bandwidth  in  rps 

x(t)  =  received  waveform  aftor  filtering 

S2  =  bandwidth  of  signal  frequency  uncertainty  in  rps 

a)  =  signal  frequency 

=  center  of  band  of  signal  frequency  uncertainty 
Y  =  filter  output  in  sub-optimum  detection 
y(t)  =  .eceived  waveform  after  squarer 


z  =  integrator  output 
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det  A  =  determinant  of  matrix  A 

^  ^  =  statistical  average,  conditioned  on  presence  of  noise  only 


N 


(  )  =  statistical  average,  conditioned  on  presence  of  both  signal 

S+N  and  noise 


tr  A  =  trace  of  matrix  A 


Abbreviations 

a,c„f.  =  autocorrelation  function 
LR  =  likelihood  ratio 
p.d,f,  =  probability  density  function 
SNR  =  signal -to-noise  ratio 
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I.  Introduction 


The  determination  of  the  bearing  of  a  plane-wave  random  signal  in  a 
background  of  isotropic  random  noise,  by  means  of  so-called  "split-beam11 
systems  of  transducers,  has  been  popular  because  a  null  output  is 
obtained  when  the  transducers  are  steered  "on  target."  Such  systems 
are  of  great  value  in  automatic  tracking  applications. 

However,  the  random  fluctuation  of  the  output  of  such  systems 
causes  uncertainty  in  the  determination  of  the  bearing  of  signal  source. 
It  is  the  purpose  of  this  report  to  determine  general  mathematical 
relations  for  the  computation  of  the  bearing  uncertainty,  and  from 
these  relations  to  determine  system  parameters  which  optimize  or 
minimize  the  bearing  uncertainty. 

The  problem  of  determining  bearing  uncertainty  has  been  treated 
in  Reference  1,  but  the  analysis  is  somewhat  restricted  in  that  the 
system  is  not  quite  as  general  as  the  one  considered  here.  The  problem 
of  minimizing  bearing  uncertainty  has  not  been  treated  previously,  but 
the  analysis  is  parallel  to  that  done  by  Eckart  in  Reference  2.  There 
also  seems  to  be  an  error  in  Reference  1  in  the  analysis  concerning 
multi-element  arrays, 

II.  Definitions  and  Assumptions 

The  system  to  be  analyzed  is  shown  in  Fig.  1.  The  outputs  of  each 
set  of  M  transducers  from  an  array  of  2M  transducers  are  summed  and 
each  sum  is  then  fed  into  a  linear  filter.  The  frequency  response 
functions  of  the  filters  are  related  in  that  there  is  a  90°  phase  hift 
between  the  response  functions  at  all  frequencies.  The  filtered  sums 
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Fig.  1  Typical  Split-Beam  System 

are  then  passed  through  infinite  clippers,  the  results  are  multiplied  and 
the  product  is  averaged  by  means  of  a  low-pass  filter.  The  average  output 
of  the  low-pass  filter  as  the  array  is  steered  gives  the  bearing  response 
pattern  for  the  system. 

Following  are  the  major  assumptions  inherent  in  the  analysis: 

1)  The  transducers  in  the  array  have  omnidirectional  characteristics. 

2)  The  array  of  2M  transducers  is  a  linear  array,  with  equal  spacing 
between  transducers. 

3)  The  signal  in  the  medium  is  a  plane  wave. 

I4 )  The  noise  is  isotropic  in  the  medium  and  the  cross -correlation 
between  the  noise  components  of  the  outputs  of  different  transducers  is 


assumed  to  be  zero. 
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5)  The  signal  and  noise  are  Gaussian  and  stationary,  and  signal  and 
noise  are  independent. 

6)  The  spectral  density  of  the  signal  need  not  be  the  same  as  that 
for  the  noise  at  the  output  of  any  transducer. 

Ill,  Bearing  Response  Pattern 

Since  the  signal  is  a  plane  wave,  the  array  is  linear  with  equal 
spacing  between  transducers,  and  the  transducers  are  omnidirectional, 
the  relation  in  Eq.  (1)  holds  for  the  signal  component  from  the  1 
transducer. 
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The  time  T  is  the  spatial  time  delay  of  the  signal  between  adjacent 
transducers.  When  T  =■  0  ,  the  bearing  of  the  signal  is  perpendicular 
to  the  line  of  the  array. 

The  outputs  of  the  summing  amplifiers  in  Fig.  1  are  given  by 
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The  autocorrelation  function  of  v.(t)  and  vQ(t/  may  be  expressed 

A  D 

in  terms  of  the  autocorrelation  functions  of  the  signal  and  noise  at  any 
transducer  by  means  of  the  following  relations. 
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In  Eq,  (h)  S  and  N  are  the  signal  and  noise  powers  at  each  transducer 

respectively,  and  p  and  p  are  the  corresponding  normalized  autocorrelation 

s  n 

functions . 

The  spectral  densities  of  and  are  the  Fourier  transforms  of 

the  corresponding  autocorrelation  functions.^  In  Eq,  (6)  g  (co)  and  g  (co) 

s  n 

are  the  normalized  spectral  density  functions  for  signal  and  for  noise 
respectively  at  every  transducer, 


The  transform  pair  given  below  will  be  used  for  relating  spectral 
densities  and  correlation  functions  throughout  this  report. 
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The  filter  frequency  response  functions  are  related  in  that  there  is  a 
90°  phase  difference  between  their  phase  angle  at  every  frequency.  Since 
simple  filter  realizations  are  desirable,  for  the  initial  analysis  it  is 

assumed  that 

HA(j«)  -  jcck  H0(ju) 


where  k  is  an  arbitrary  proportionality  constant. 

The  spectral  densities  of  the  outputs  of  the  filters  are  found  in 

Eqs,  (9)  and  (10  )„ 
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The  development  in  Eqs.  (l)  through  (10)  is  preliminary  in 
determining  the  bearing  response,  which  Is  the  average  value  of  the 
output  of  the  multiplier,  y.  The  value  of  y  is  dependent  on  the  time 
delay  T,  and  has  been  found  to  be 
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From  Eq,  (8),  Eq.  (17 )  becomes 
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The  denominator  terms  of  Eq.  (11 )  may  be  determined  by  performing 
inverse  transformations  on  Eqs.  (?)  and  (10 ). 
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Substitution  of  the  results  in  Eqs.  (6)  and  (7)  into  Eqs.  (19)  and  (20) 
yields 
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The  bearing  response  results  from  the  combination  of  Eqs0  (11),  (18), 
(21),  and  (22) 
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The  expected  result  of  y  =  0  when  T  =  0  is  easily  confirmed  from  Eq,  (23 )♦ 
If  M  is  sufficiently  large,  the  double  summations  in  Eq.  (23)  reduce  to 
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Substitution  of  the  results  of  Eos.  (2b)  and  (25)  into  Eq,  (23)  yields 
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Furthermore,  if  ^  c  <  -  ,  Eq.  (2?)  reduces  to 
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The  result  in  Eq.  (28)  is  not  unduly  restricted,  since  threshold  signal 

detection  is  important.  For  computational  purposes,  it  should  be 

remembered  that  g  (co)  and  g  (co)  are  normalized  spectra  and  that 
s  n 

normalization  reouires 
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IV.  Bearing  Uncertainty 

The  relation  between  target  bearing  0  and  the  time  delay  T  is 

T  =  |  sin  0  (30) 

where  d  is  the  separation  between  transducers,  c  is  the  speed  of  wave 
propagation  in  the  medium,  and  0  is  the  angle  between  the  direction  of 
wave  propagation  and  a  plane  perpendicular  to  the  line  of  the  array. 

It  has  been  shown"*"  that  the  bearing  uncertainty  Oq  is  given  by 
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In  Eq.  (31),  a  is  the  standard  deviation  of  the  output  z(t)  of  the 
z 

split-beam  system,  shown  in  Fig.  1.  For  the  computation  of  a z,  it  will 
S  1 

be  assumed  that  ^  ^  and  that  only  noise  X  noise  terms  make  significant 

contribution  to  its  value. 

We  have 
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where  G  (go)  is  the  spectral  density  of  y(t)  and  H  (jco)  is  the  frequency 

y  2 

response  function  of  the  low-pass  filter.  Since  the  bandwidth  of  the 
low-pass  filter  is  much  narrower  than  the  bandwidth  of  Gy(<.o), 
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The  integral  in  Eq.  (33)  is  simply  trace  the  equivalent  bandwidth 
the  low-pass  filter  for  random  signals  if  HjO)  =  1^  ana  will  be  given 
the  symbol  2 co^.  Also 
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The  autocorrelation  function  for  y(t)  is  defined  by 
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If  §  «  r  only  the  noise  X  noise  terms  in  Eq.  (35)  arc  significant. 
N  M 

The  functions  xA(t)  and  x^t)  are  not  correlated  so  that 
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In  Eq.  (36)  Px  (t)  and  p  (t)  are  the  normalized  autocorrelation 
functions  for  xA(t)  and  Xg(t)  respectively.  For  small  values  of  jj 
the  normalized  autocorrelation  functions  become 
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Equations  (21)  and  (22)  help  to  determine  the  final  form  of  Eqs.  (37) 
and  (38). 

Combination  of  Eqs,  (33),  (3U),  (36),  (37)  and  (38)  yields  a  : 
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Equation  (39)  can  be  simplified  considerably  if  the  product  of  the  arcsin 
functions  is  replaced  by  the  product  of  their  arguments.  Since  the  value 
of  the  arcsin  function  exceeds  the  value  of  its  argument  by  a  maximum  of 
57  %  ,  the  use  of  the  above-mentioned  approximation  will  cause  an  error  in 
crz  amounting  to  much  less  than  57$  because  an  integration  process  is 
involved.  Thus  Ec;.  (39)  becomes 
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It  is  seen  that  the  frequency  variable,  w,  in  the  numerator  of  Eq.  (39) 
has  been  replaced  by  a  and  8  in  Eq.  (I4O)  so  that  the  integration  over 
can  be  performed  first.  We  then  have 
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where  6(a  +  p)  Is  a  unit  delta  function  occurring  at  B  «  -a  .  Next, 
performing  the  integration  in  the  numerator  of  Eq.  (UO),  we  find  that  uhe 

triple  integral  resolves  to 
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and  g  (u)  are  even  functions,  Eq.  (1*0 )  becomes 
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The  slope  of  the  bearing  response  pattern  found  in  Eq.  (31 )  can  best 
be  determined  by  differentiating  Eq.  (23).  Under  the  restriction  that 
S  « l  the  double  summation  terms  in  the  denominator  disappear,  so  that 
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The  bearing  uncertainty  is  then  f  ound  by  combining  Eqs.  (U2 ),  (1-3),  and 
(!*h)  with  Eq.  (31). 
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In  Eq,  (U5),  Md  i3  half  the  toi  il  aperture  of  the  split-beam  array,  and 
SM 

Y  ^-3  the  signal-to-noise  ratio  in  either  channel,  after  summation  of  the 
signals  from  the  M  transducers.  The  ratio  of  the  integral  terms  at  the 
end  of  Eq,  (b$)  yields  a  result  with  the  dimensions  of  £  rad/sec] 

The  result  without  the  exponent  is  some  measure  of  effective  system 
bandwidth.  The  following  section  deals  with  minimizing  the  bearing 
uncertainty, 

V,  Minimum  Bearing  Uncertainty 

According  to  Eq.  (h$)  the  bearing  uncertainty  may  be  decreased  by 

Increasing  the  array  aperture  (2  Md),  by  increasing  the  number  of 

transducers  inside  a  fixed  aperture,  and  by  decreasing  the  noise  bandwidth 

of  the  final  low-pass  filter.  However,  increasing  the  number  of  transducers 

within  a  fixed  aperture  without  limit  does  not  cause  a  continuing  decrease 

in  bearing  uncertainty  because  the  assumption  that  there  is  zero  correlation 

between  noise  outputs  of  different  transducers  is  no  longer  realistic  for 

close  transducer  spacing.  For  very  close  transducer  spacing,  the  signal- 

SM 

to-noise  ratio  after  summation  no  longer  is  represented  by  -g-  because 
of  the  non-negligible  cross-correlation. 

However,  if  the  array  spacing,  number  cf  transducers,  and  low-pass 
filter  characteristics  are  fixed,  the  bearing  uncertainty  is  still  a 
function  of  HD(lio).  The  following  analysis  yields  the  optimum  filter 
function,  Hp  (jco),  that  minimizes  the  ratio  of  the  integrals  in  Eq.  (US). 
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In  Eq,  (kS)  Hg(jco)  is  replaced  by 
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where  H„  (joo)  is  the  frequency  response  function  that  provides  a 
B0 

stationary  point  for  the  ratio  of  the  integrals,  and  Hg  (jw;  is  any 
arbitrary  frequency  response  function.  We  have 
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da„ 


dX 


X=0 


Performing  the  operation  indicated  in  Eq,  (U7 )>  we  obtain 
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Rearranging  Eq.  (h8)  to  obtain  separation  of  terns  Involving  g  (to)  and 
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gn(o3),  we  get 
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(1*9) 
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Equation  (1$)  is  satisfied  for  any  arbitrary 
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where  kg  is  an  arbitrary  constant. 
Also 
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The  results  in  Eqs,  (50)  and  (51)  are  almost  identical  to  those 
obtained  by  Eckart  in  Reference  2.  The  ratio  of  integrals  in  Eq,  (U5 ) 
is  also  quite  similar  to  the  ratio  found  in  Eq,  (8)  in  Reference  2. 

Under  the  conditions  given  in  Eqs,  (50)  and  (5l),  the  minimum 
bearing  uncertainty  becomes 
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The  result  in  Eq,  (52)  is  also  quite  similar  to  the  corresponding  result 
obtained  in  Reference  2. 

The  application  and  further  investigation  of  the  results  in  Eqs.  ($0), 
(51),  and  (52)  are  deferred  to  a  later  section  of  this  report.  In  the  next 
section,  the  effect  of  using  a  non-minimum  phase  network  to  provide  the  90° 
phase  shift  between  channels  i3  investigated.  The  results  given  previously 
depend  on  the  minimum  phase  assumption  in  Eq.  (8). 
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VI,  Minimum  Bearing  Uncertainty  with  Non-Minimum  Phase  Filters 
In  this  section  it  will  be  assumed  that  the  non-minimum  phs.se 
relationship  between  the  two  filters  is  given  by 

t,  .  1 1  , 
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The  primes  are  used  to  indicate  the  fact  that  a  non-minimum  phase 
relation  holds.  The  90°  phase  shift  without  change  in  amplitude 
characteristics  can  be  accomplished  over  a  fairly  wide  band  of  frequencies 
by  means  of  a  complicated  active  all-pass  structure. 

The  analysis  follows  exactly  the  same  steps  taken  in  Sections  III, 

IV,  and  V,  and  for  this  reason  only  e  skeleton  set  of  equations  will  be 
listed  here. 
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With  the  use  of  Eq.  (17 )  the  cross -correlation  between  x^(t)  and 
Xg(t)  becomes 
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The  bearing  response  equation  for  small  signal-to-noise  ratios 
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If  the  aresin  function  is  replaced  by  its  argument,  we  obtain  the 
approximate  answer  _  ~\l/2 
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The  derivative  of  Eq.  (58)  with  respect  to  T  gives  the  slope  of  the 
bearing  response  pattern.  The  "on  target"  slope  is 
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Substitution  of  the  results  in  Eqs.  (6l)  and  (62)  yields  the  equation 
for  bearing  uncertainty 
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A  comparison  of  the  results  in  Eqs.  (h$)  and  (63)  together  with  those 
in  Eqs.  (50 )  and  (51)  shows  that  bearing  uncertainty  may  be  minimized  by 
setting 
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The  minimum  bearing  uncertainty  under  the  conditions  in  Eq, 
becomes 
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(64)  then 


(65) 


A  comparison  of  Eqs.  (52)  and  (65)  shows  that  the  minimum  bearing  uncertainty 
under  the  assumption  of  the  nonminimum  phase  filter  in  Eq,  (53)  is  precisely 
the  same  as  the  minimum  bearing  uncertainty  using  minimum  phase  processing. 
The  optimum  frequency  responses  for  the  processing  filters  in  each  case  are 
not  the  same.  It  can  be  seen  from  Eqs,  (50),  (5l),  and  (6i|)  that  the 
magnitude  response  of  both  processing  filters  for  the  non-minimum  phase 
case  is  the  geometric  mean  of  the  magnitude  response  functions  for  the 
minimum  phase  case, 

VII,  Results  with  Optimum  Filter  Using  Physical  Model  for  Spectra 
Physical  measurements  indicate  that  Eq,  (66)  is  a  reasonable 
approximation  for  the  underwater  noise  spectral  density. 
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In  Eq,  (66)  co^  is  fairly  low,  say,  1000  rad/sec. 

The  signal  spectral  density,  generated  at  the  source,  is  assumed  to 
have  the  same  shape  as  the  noise  spectral  density.  However,  at  the 
transducers  the  signal  undergoes  further  frequency  selective  attenuation. 
The  model  utilized  here  is  that  introduced  by  Eckart.“  Thus 
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where  r  is  the  target  range  in  kiloyards,  and  a  is  a  constant  whose 

-11 

numerical  value  is  6  x  10  .  For  target  ranges  under  100  kiloyards, 

the  normalisation  of  G  (co)  is  not  appreciably  affected  by  the 
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exponential  factor,  so  that 
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From  Eqs,  (50)  and  (51)  the  optimum  minimum  phase  filter  response 
functions  are 
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where  a  and  b  are  arbitrary  constants. 

From  Eq.  (6h),  the  optimum  filter  response  functions  for  the  system 
with  the  all-pass  90°  phase  shifting  network  are 
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Equations  (69),  (70)  and  (71)  are  plotted  in  Fig,  2  for  coq  -  1000, 
a  3  6x  10"^,  and  r  =>  10  kyd„  It  can  be  seen  that  the  optimum  response 


functions  have  a  peak  value  in  the  vicinity  of  the  frequency  at  which  the 
signal  spectrum  begins  to  attenuate.  Due  to  the  fact  that  the  low 
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frequency  comer  at  =  1000  is  practically  insignificant,  the  peak  values 
of  the  filter  response  functions  occur  at  the  following  frequencies: 
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For  I  H-  I  M  b  ( rrr>  rV2  f-ir> ' 


For  H. 


For  H, 


(£>  a  (or)’"  '  c 
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3  “•*•/ 

2  or 


Table  1  gives  the  center  frequencies  and  half -power  frequencies  for 
several  values  of  range  for  HD  , 

D 


Range 

Center  frequency 

Half -power  frequencies 

(kyd) 

(rad/sec ) 

(rad/sec) 

1 

131,000 

63,000  ,  210,000 

10 

Ui,ooo 

20,000  j  66,000 

100 

13,100 

6,300  5  21,000 

Table  1  Critical  Frequencies  for  H, 


The  minimum  bearing  uncertainty  is  obtained  by  substituting  the 
information  in  Eq,  (68)  into  Eq.  (52).  Thus 

r  p  2  r1/2 

^  c  Ism  -1  1/2  /  2  ~2“  ^  , 

°o  Ha  hr  \  r  e  d“ 


c  ISM  _1  1/2  2  I1'71-1  ,,  .3/U 

Ha  T  1  n  (Lar) 


r  .  ,A-S  c  /SM  I"1  1/2  3/U 

=  5 .  u5  x  10  ^  -Tj-  j  r  radians 


B-21* 


For  a  representative  calculation,  it  is  assumed  that  M  =  25, 
c  =  5000  ft/sec,  d  =  2  ft,  0^  =1  rad/sec,  r  =  10  kyd,  and  SF/N  =>  0,1  . 
The  last  assumption  puts  the  signal  power  at  each  receiver  24  db  below 
the  noise.  From  Eq,  (75)  we  get 


o„  =  (5.45  x  ICf8)  — (lO)^)1/2^)3^  -  3,08  x  I0~h  radians 
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=  .018  degrees 
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The  uncertainty  in  Eq,  (76)  seems  unusually  small.  In  the  next  section, 
the  performance  of  specific  suboptimum  filters  is  investigated. 

VIII.  Results  with  Suboptimum  Filters 

The  suboptimum  filter  to  be  considered  first  has  the  frequency 


response  function 
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From  Eq,  (77),  it  can  be  seen  that  this  filter  provides  the  whitening  of 
the  noise  spectrum  as  required  of  the  optimum  filter,  but  only  passes 
signals  in  the  frequency  band  from  (3c^  to  cc^.  The  effect  of  the  general 
location  and  width  of  'the  pass  band  will  be  investigated  in  this  section. 

From  Eqs.  (45),  (66),  (67),  and  (77)  the  bearing  uncertainty  is 
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Performing  the  integrations  indicated  in  Eq.  (79),  we  get 


0  (SHf1  1/2 

501T  “t 


where 


a  -  p3)1/2  V/2 


<^)1/2  41|  -  dp]  ♦ 1  $1  -4(5 

a  M 


a  =  (2ar)" 


i U-e"  2 


X  2 

P(X)  -  It  T  dx 

V2n  J 

-X 


The  functions  defined  in  Eqs.  (82)  and  (83)  are  tabulated  in  References 
3  and  U. 

In  order  to  provide  a  comparison  with  the  results  for  the  optimum 
filter,  Eq.  (80)  is  divided  by  Eq.  (75)  to  yield  the  ratio  of  the 
respective  bearing  uncertainties. 
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For  p  k  0  ,  two  approximations  are  possible  from  Eq3,  (79 ),  (75)  and  (8I4). 
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The  minimum  value  of  a  /aQ  occurs  for  a  value  of  <a,/q  very  near  the 

W1  min  H 

value  at  which  the  two  approximations  in  Eq,  (85)  intersect. 
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Substitution  of  the  result  in  Eq,  (86)  into  Eq.  (8b)  yields 


a. 


J0 


min 


1.17 


min 


(8?) 


If  the  filter  has  a  fairly  narrow  relative  bandwidth  such  that  p  is 

nearly  unity,  then  the  combination  of  Eqs,  (75)  and  (79)  gives  the 

following  approximate  result  for  a  /oQ  : 
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The  right  hand  wide  of  Eq.  (88 )  has  a  minimum  value  occurring  at 
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The  minimum  value  is 
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The  figure  of  merit  /o^  for  the  suboptimum  filter  described  in 

1  min 

Eq,  (77)  is  plotted  for  three  values  of  p  in  Fig,  3.  The  results  in  Eqs, 
(8I4.)  through  (90)  apply  to  Fig.  3.  It  can  be  seen  that  the  system 
performance  with  the  suboptimum  filter  is  good  if  the  yalue  of  a \/o  is 
near  1.5  or,  in  other  words,  if  the  filter  cutoff  frequency  matches  the 
frequency  at  which  the  signal  spectrum  begins  to  fall  off  exponentially. 

For  a  fixed  filter  cutoff  frequency,  however,  the  relation  c^/o  ~  1,5 
holds  only  at  one  value  of  target  range,  and  performance  is  not  as  good 
at  other  target  ranges. 

To  illustrate  this,  let  us  assume  that  «  50,000  rad/sec  and 

P  “  0  .  Table  2  shows  values  of  aQ  /crQ  for  various  target  ranges, 

yA  min 


a0  /°o 
1  min 


r  (kyd) 


Table  2  Figure  of  Merit  for  Various  Target  Ranges 


The  second  suboptimum  filter  to  be  investigated  has  the  frequency 
response  function 
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The  expression  in  Lq,  (91)  ia  a  realistic  approximation  to  the  filter  in  an 
existing  system.  Combining  Eqs,  (h$),  (68),  and  (91),  we  obtain  the  equation 


for  bearing  uncertainty 
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If  the  substitution  w  =  10  V  is  made,  Eq,  (93)  becomes 


6  , 

u  du 


_  c  SMI-1  1/2  ,„-6  L  -"L1  *  Ifl  J  +  L1  *  I?) 

Y*®  t  V  10  - - - - - ~2 — — 

2  f  u  -&tl°  u“ r 

/ _ u4  e _  du 

l  i +  (5)  1 +  fe)  1  +  (s 


The  integrals  in  Eq,  (9h)  have  been  determined  numerically  for 
different  values  of  r.  For  the  extreme  values  of  r,  the  following 
approximations  hold; 


aQ  'rc  2.1th  x  1G“®  t^1/2  radians  for  r  «  1  kyd  (95) 
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The  results  of  the  numerical  analysis  are  shown  in  Fig.  i;,  in  which  the  ratio 
of  the  bearing  uncertainty  for  the  suboptimum  filter  to  that  for  the  optimum 
filter  is  plotted  versus  target  range.  The  approximate  ratios  for  extreme 
values  of  r-  are  obtained  by  combining  Eqs,  (95)  and  (96)  with  Eq„  (75)* 


and 


— ^  1.61*  x  10"3 

c0  ,  for  r  »  100  kyd  (96) 

min 


Figure  h  shows  that  the  minimum  value  of  the  performance  ratio  is 
approximately  1,03  at  a  range  of  3.3  kyd.  The  performance  ratio  is  less 
than  2  for  ranges  from  20  kyd  to  less  than  1  kyd.  Thus  the  present 
design  should  certainly  be  adequate  for  bearing  determination  purposes. 
IX,  Conclusions 

Reference  1  contains  a  result  for  bearing  uncertainty  for  narrow 
bandpass  split-beam  systems.  If  Hg  in  Eq.  (63)  takes  on  the  form  of 
an  ideal  narrow  band-pass  filter,  the  result  checks  favorably  with  the 
corresponding  result  in  Reference  1.  However,  the  result  in  Eq,  (63)  is 
smaller  by  approximately  20$  than  the  answer  in  Reference  1,  simply 
because  the  latter  analysis  does  not  contain  an  approximation  for  the 
arcsin  function.  In  Section  IV  of  this  paper,  the  arc sin  function  was 

approximated  by  its  argument  to  allow  simplification  of  Eq.  (39). 

1  1 

For  other  forms  of  | ,  the  approximation  causes  the  results  in 
Eqs.  (1,5)  and  (63)  to  be  low  by  approximately  20$. 


Fie.  h  Pei'formance  Index  of  Suboptinam  System  Two  as  a  Function  of  Target  Range 
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The  minimization  of  Eqs,  (US)  and  (63)  by  choosing  an  appropriate  form 
for  jfigj  produces  results  nearly  identical  to  those  in  Reference  2  simply 
because  the  integrals  in  Eqs,  (1*5 )  and  (63)  are  nearly  identical  to  those 
in  Reference  2,  Actually,  in  demonstrating  that  the  proper  choice  of 


Hg  produces  a  stationary  point  for  Oq,  it  was  never  proved  that  the 
stationary  point  is  actually  a  minimum.  This  consideration  is  somewhat 
academic,  however,  since  the  suboptimum  systems  treated  in  Section  VIII 
always  produce  bearing  uncertainties  which  are  greater  th  \n  those  for  the 
optimum  system. 

The  calculation  of  a  typical  minimum  bearing  uncertainty  in  Section 
VII  for  a  range  of  10  kyd  yields  the  extremely  small  uncertainty  of  .018 
degrees.  The  investigation  in  Section  VIII  shows  that  an  existing  system 
at  ranges  of  10  kyd  should  have  a  bearing  uncertainty  about  1.3  times  that 
of  the  optimum  system.  Actual  data  seem  to  indicate  that  bearing  errors 
in  automatic  tracking  systems  are  many  times  greater  than  1,3  x  .018  a  .023 
degrees.  Of  course,  poor  estimates  on  this  author's  part  of  the  number 
of  active  transducers,  average  separation,  signal-to-noise  ratio,  etc., 
may  certainly  contribute  to  the  low  value  calculated. 

However,  another  phenomenon  may  contribute  largely  to  target  bearing 
error.  For  split-beam  arrays  used  in  automatic  tracking  systems,  a  steady 
bearing  error  exists  if  the  target  has  an  angular  velocity  relative  to 
the  array.  This  steady  error  is  inversely  proportional  to  the  loop-gain 
of  tho  tracking  system  and,  in  turn,  the  loop-gain  i3  dependent  upon  the 
3ignal-to-noise  ratio  as  well  as  the  target  range.  It  is  well  known  that 
the  signal-to-noise  ratio  at  the  transducers  varies  in  a  random  fashion 
with  time  because  of  signal  fading.  The  random  variation  of  signal-to-noise 


ratio,  and  thus  of  loop-gain,  can  cause  the  "offset  error"  to  vary  in  a 
random  fashion,  the  variation  possibly  being  many  times  greater  than  the 
bearing  uncertainty  computed  in  this  report.  Certainly  the  phenomenon 
should  be  quantitatively  investigated.  In  some  cases  the  random  variation 
of  the  offset  error  may  cause  the  automatic  tracking  system  to  lose  the 


target. 
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I.  Introduction 


An  earlier  report^"  dealt  with  the  problem  of  detecting  a  weak, 
directional  Gaussian  signal  in  a  very  much  stronger  isotropic  Gaussian 
noise  field.  It  compared  the  performance  of  a  likelihood  ratio  detector 
with  that  of  a  standard  power  detector  and  indicated  that  some  advantage 
could  often  be  gained  in  principle  by  use  of  likelihood  ratio  techniques. 
However,  in  the  cases  of  practical  interest  investigated,  the  attainable 
improvement  appeared  to  be  too  small  to  warrant  the  increased  complexity 
of  instrumentation.  This  raises  two  questions: 

1)  Are  there  situations  of  practical  importance  in  which  large 
gains  can  be  made  through  use  of  likelihood  ratio  techniques? 

2)  Can  one  find  suboptimal  instrumentations  that  closely  approximate 
the  likelihood  ratio  detector  in  performance  but  are  sufficiently  simple 
to  justify  their  use  in  situations  where  only  moderate  gains  can  be 
expected? 

This  report  considers  the  second  problem.  Specifically,  it  shows 

that  for  the  types  of  signal  and  noise  spectra  discussed  in  the  earlier 

report  the  standard  power  detector  preceded  by  an  Eckart  filter  is  such 

2 

a  suboptimal  instrumentation.  In  the  light  of  Bryn's  results  it  is  of 
course  not  at  all  surprising  that  the  likelihood  ratio  detector  formally 
reduces  to  the  proposed  instrumentation  for  the  special  case  of  zero 
correlation  between  the  noise  disturbances  at  different  hydrophones. 

"^Progress  He  port  Ho.  3,  May  1963. 
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"F.  Bryn,  "Optimal  Signal  Processing  of  Three  Dimensional  Arrays 
Operating  on  Gaussian  Signals  and  Noise,"  J.A.S.A.  3U,  No.  3>  March 
1962,  pp.  209-297. 


C  -1 


C  -  2 


II.  Output  Signal  to  Noise  Ratio  of  Power  Detector  with  Eckart  Filter 

Consider  the  system  shown  in  Fig.  1.  The  quantity  of  ultimate  interest 


Fig.  1 


is  the  output  signal  to  noise  ratio,  the  ratio  of  the  change  in  average 
output  resulting  from  the  appearance  of  a  signal  to  the  rms  output 
fluctuation.  Throughout  the  discussion  the  array  is  assumed  to  be 
steered  on  target. 

If  the  weighting  function  of  the  Eckart  filter  is  designated  by  w(t), 
the  time  function  y 2  (t )  at  its  output  is  given  by 
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y2(t)  =|  drr  w(t)  ^  x^t  -  t) 
i=l 


(1) 


where  x^(t)  =  s(t.)  +  n^(t)  ,  the  sum  of  the  signal  and  noise  disturbances 
received  by  the  i^  hydrophone.  The  output  y  (t )  of  the  squarer  is  then 
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Hence  the  average  output  of  the  low  pass  filter  assumes  the  form 

CO  CO 

f  f  H  -- _ _ _ 

Eiy^)  =  E(yj)  =  dr  w(r)  do  w(o)^  )  s(t  -t)+  n^t-  t)  s(t  -  a)+  n^(t  -  a) 
n  n  3=1 


M  M 


=  cLt  w(t )l  da  w(o)^  ^  Jr(t- a)  +  Q^(t- a) 


i=l  j=l 


R(t)  is  the  autocorrelation  function  of  the  signal  and  Q.  ,  (t)  is  the 
cross -correlation  between  the  noise  received  at  the  i^1  and  f ^  hydrophones 
In  obtaining  the  last  forn  of  Eq.  (3)  use  has  been  made  of  the  assumption 
that  signal  and  noise  are  statistically  independent  and  have  mean  values  of 


zero. 


The  increment  in  DC  output  resulting  from  the  appearance  of  a  signal 


is  clearly 


A  (DC  output)  =  M  dr  w(  t)  dow(o)  R(t-o) 


Expressing  R(t)  in  terms  of  the  signal  spectrum  5(w) 


R(x)  =  j  S(w)  e  dw 


one  obtains 


kj2  f  f  mT  -Jwa 

A(DC  output)  =  -y  J  cko  S  (to) j  dr  w(t  )  e  j  do  w(o)  e 

-c?  0  0 


duj  J  (u))  hi  (to) 


The  bar  indicates  an  averaging  operation  over  t.hij  random  parameters 


of  L fie  ncisn, 


where 


C  -h 


-jwa 

H(co)  =  I  da  w(a)  e 
0 

is  the  frequency  response  function  of  the  Eckart  filter, 

2 

The  next  step  is  to  compute  the  output  variance  D  (y^).  As  in 
Report  No.  3  the  low  pass  filter  will  be  defined  as  a  device  whose 
output  at  any  instant  of  time  is  the  average  of  its  input  over  the 
past  T  seconds.  The  corresponding  weighting  function  is 

0  <  t  <  T 


h(t  ) 


1 

T 


0 


elsewhere 


If  one  assumes,  still  following  Report  No.  3,  that  T  is  large  compared 
to  the  correlation  time  of  y^,  the  desired  output  variance  is  given  by 


(7) 


(8) 


D2(ya)  =  ?  I  [R3(a)  -  R3H 


da 


_to 


R3(a)  -  R^O”)  is  the  autocorrelation  function  of  y^( t)  -  E  y^(t  jj  , 
i.e.,  of  the  fluctuating  component  of  Yy 

In  cases  of  practical  interest  the  input  noise  power  is  generally 
far  greater  than  the  input  signal  power.  Hence  a  good  approximation  is 
obtained  by  considering  only  the  contribution  of  the  noise  to  R^ (a). 
From  Eq.  (2 ) 
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M  H  M  M 

<“>  i  Z  L  Z 

i=l  j=l  h=l  k=l 


dr  w(t )/  do  w (o)J  dp  w(p )j  dy  w(y) 
0  0  0  0 


(9)1 


=  in  (t  -  r)  n^(t  -  a)  rtj  (t  +  a  -  a)  n,_(t  +  a  - 


(10) 


J0ee  Report  No.  3-  Eos.  (39)  and  (I|0). 
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Recalling  that  n^(t)  is  a  Gaussian  random  process  one  can  write 


\  (t  -  r )  n  (t-a)  n^(t  +  a  -  p )  n^t  +  a-y)  =  Qj..('C-a)  (^(p-y) 


+  CLu(cr  +  T  -  p)  Q„.(a  +  a-  y)  +  Q_.,_(a  +  T-  y)  Q  ,  (a+  a-p) 

la  JK.  jLK.  JK 


(11) 


The  first  term  •  "  Eq.  (11 )  <  -s  not  contain  a.  Upon  substitution 
into  Eq.  (10)  it  leads  to  the  DC  iponent  R^05).  The  two  last  terms 
of  Eq.  (11 )  clearly  make  equal  contributions  to  Eq.  (10 ),  Hence 

CO  00  00 

m  m  m  Mr  r  r 

R^(a)  -  R^(«)  =  2)_,  Yj  Zi  Z  I  ^  W(XM  dp  Q±h^a+T‘'pU  da  ^ 
i-i  m  h=i  '  o 


dy  w(y)  Qjk(a+  a-y) 


M  M  f 

)J  I  dc  w(t)|  dp  w(p)  Qih(a+T  -  p) 

i-1  h-1 1 


(12) 


Thus  from  Eq.  (?) 
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00 


CO 


l2 


E  Z  /  ^  w (x  )  |  dP  w (p )  Qih (a  +  ^  -  P ) 
i=l  h=l  l 


(13) 


Now  using  Parseval's  the 'rem 


d2(^)  "  §«f  I 


dco 


CU) 


-oo 


C-  6 


where 


oW 


\ 

"J 


na  e 


-CO 


00  00 

..  II  M  r  r 

^  I  d.T  w (t)  I  dp  w(p)  Qih(ct  +  T 

1=1  h=1  o  0 


p)  (15) 


If  one  designates  the  cross-spectral  density  corresponding  to  Q^^(T)  by 
^ih (“)>  l»e*j 

00 

f  -jOW 

GihW  ‘  n  J  ia  e  «ih(a) 

-.CO 

it  becomes  possible  to  rewrite  Eq,  (15)  in  the  following  form. 


(16) 


M  M 
IV 


-iOJT 


G(a))  =  iy  \  I  dT  w(t)  e  I  dp  w(p)  e 

"i-l  h=i;  { 


-3“P  I  -ja(an-p) 
da  e 


Qih(a  +  T~p)  (17) 


-00 


Using  Eqs.  (7)  and  (l6)  this  can  be  reduced  to  the  very  simple  expression 

2  M  M 

G(w)  =  |H(co)|  £  ^Gih(W)  (18) 

i=l  j=l 

Thus  G(to)  is  identified  as  the  power  spectrum  of  y?,  and  Eq,  (lit)  becomes 


D2(yj4)  =  y  du 


H(o>) 


-PO 


M  M 

EGih(w) 

i=l  <=1 


(19) 


Combining  Eqs.  (6)  and  (19)  one  obtains  the  output  signal  to  noise  ratio 

°°  2 
Vt'  M2  /  da)  S(oi)|h(u)| 


A  (DC  output) 
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7  M 

K  M 
r* 1  • 

2 

2  \jn ' 

j  H 

)  )  0..  (w) 

-CO 

i-1  i=l 
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(20) 


Equation  (20)  makes  no  special  assumptions  concerning  the  linear  filter 
which  converts  y^  to  yg.  If  the  filter  is  indeed  an  Eckart  filter  as 
initially  stated,  then 


H(o>) 


SM 

"1  2 

»(«)J 


(21) 


where  N(w)  is  the  power  spectrum  of  the  noise  received  by  each  hydrophone. 
Substitution  of  Eq.  (21)  into  Eq.  (20)  yields 
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V?  M2 
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2  Vn* 


9  o  i  M  M 
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da 


-00 


nV) 


£ 

i=l  3=1 


(22) 


If  the  cross-correlation,  and  hence  cross-spectral  density,  between 
the  noise  received  at  different  hydrophones  is  zero,  then 

for  i  /  h 


Gih(«) 


0 

N(o>) 


(23) 


for  i  =  h 


In  that  case 


A  (DC  output) 
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2y/n 
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du 


H2 
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(2U) 


This  is  identical  with  the  output  signal  to  noise  ratio  of  the  likelihood 
ratio  detector  under  the  same  assumptions.  See  Report  No.  3,  Eq.  (32).J 
Thus  the  instrumentation  of  Fig,  1  is  equivalent  to  a  likelihood  ratio 
detector  if  there  is  no  noise  correlation  from  hydrophone  to  hydrophone,^- 


^This  can  also  be  seen  from  Bryn,  o£.  cit.,  Fig.  I4  and  associated 
discussion. 
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If  there  is  noise  correlation  from  hydrophone  to  hydrophone,  it  becomes 
necessary  to  compute  the  cross-spectral  densities  G^(co).  Assuming  a 
spherically  Isotropic  noise  field, 


t+t  ... 
r  lh 


QihM  - 


Q(a)  da 


T-'T 

lh 


Q(a)  =  Q^(a)  ,  the  autocorrelation  function  of  the  noise  received 
at  each  hydrophone.  =  d^/c  )  where  d^  is  the  distance  between  the 

i^h  and  h^  hydrophones  and  c  is  the  speed  of  sound  in  water.  Using  the 
symbol  u(x)  to  denote  a  unit  step  function  at  the  origin,  one  can  rewrite 
Eq.  (25)  as  follows. 

CO 

Qih(T)  =  —  [q(°)  u(a-T  +  Tih)  -u(a-T-T.h)l  da  (26) 

2T-ih  J  L  J 


Now  Fourier  transforming 


03  CO 

i  J"  dr  e  j  do  Q(o)  u(a  -  t  +  Tih )  -  u(a  -  t  -  Tih)] 


Gih^“^  jdTe  J 

ih  J  i 

-00  -00 
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-jco(T-a) 


u(a  -t+  Tih)  -u(a-T-Tih  J 


00  Tih 

f  -j w  f  1  -jax 

-  da  Q(a)  e  dx  e 


2  nr. 
ih 


-jaxj/sin  uir  J 
do  Q(c)  e  - - 


^See  Report  I! 0 .  3,  Eq.  (60), 


£*£?*(&** 


I 
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Hence 


Gih(«)  =  N(u>) 


sin  cor., 
lh 


(28) 


0)  T 


ih 


Substitution  of  Eq,  (28)  into  Eq.  (22)  yields 


dco 


A  (DC  output)  a  ll/T 

Hyh) 
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M 

N(“)J 


M  M 

E  E 
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sin  cor 
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ox 
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21 


(29) 


A  case  of  considerable  practical  interest,  and  one  analyzed  in  some 
detail  in  Report  No.  3;  is  that  of  signal  and  noise  spectra  sufficiently 
similar  in  shape  over  the  frequency  range  containing  most  of  the  signal 


power  so  that  one  can  write 

S(m) 

N(a>) 


S 

N 


for  -to  <  co  <  co 


o  - 


-  0 


(30  9- 


0  for  |co|  >  coq 

S'  and  JM  are  the  total  signal  and  noise  power  respectively.  Substitution 
of  Eq.  (30)  into  Eq.  (29)  leads  to  the  expression 


A  (DC  output)  __  1 Apf  ^2 

D(y^)  N 


2co 


M  M 

EE 

i=l  h=l 


sin  cor 


ih 


cor 
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(31) 


It  is  interesting  to  observe  that  actual  spectra  S(co)  and  N(co)  are 
immaterial  so  long  as  their  ratio  remains  constant. 

^~An  equivalent  assumption  is  that  =  —  for  all  co,  but  that  only 

N  (to)  _K 

the  frequency  range  <  co  <  coq  i3  being  processed. 
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III.  Results  for  a  Linear  Array  with  Equally  Spaced  Elements 

If  the  receiving  array  is  linear  and  its  elements  are  equally  spaced, 


one  can  write 


t..  =  i  -  hj  t: 
lh  o 


•  u  d 
1  -  h  — 

c 


where  d  is  the  distance  between  adjacent  hydrophones.  The  double  sum  in 
the  denominator  of  Eq.  (31)  can  now  be  reduced  to  a  single  sum. 
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With  the  change  of  variable  i  -  h  -l  this  becomes 
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Substitution  of  Eq.  (33)  into  Eq,  (31 )  yields  an  exact  expression  for 
output  signal  to  noise  ratio  which  is,  however,  not  very  convenient  from  a 


computational  point  of  view.  The  difficulty  lies  in  the  need  to  evaluate 


c  »u 


the  last  integral  of  Eq.  (35)  between  finite  limits.  Simple  bounds  on  this 
integral  can  be  set  by  observing  that  the  integrand  satisfies  the 
inequality 
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Now 
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where  min (lx  ,kT  )  denotes  the  smaller  of  the  two  numbers  lx  and  kT 
0  0  0  0 

Simplifying  further, 
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^Bierens  de  Haan,  Nouvelles  Tables  D'Integrales  Definies,  Table  157,  Mo,  1. 
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Also 
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With  substitution  of  Eqs.  (39)  and  (I»0)  into  Eq.  (37)  one  obtains 
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Finally,  using  Eqs,  (bl)  and  (39)  in  Eq.  (31), 
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The  symbol  Si(x)  - 


sm 


dy  denotes  the  sine  integral. 


If  UQX0~ *°°  >  i*e*>  frequency  range  0  <  gj  <  co  processed  by 
the  detector  is  large  compared  to  ,  the  upper  and  lower  bounds  converge 


towards  each  other  and 

A (DC  output) 
0(7^) 

Under  the  condition  =  ~ 

N(co)  N 

likelihood  ratio  detector  is 


«  M  £ 
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,  the  output  signal  to  noise  ratio  of  a 


(U3) 


A (DC  output) 

D (output )  y  2n 


do> 


(Ui)1 


1  1 
G(co),  the  array  gain,  approaches  M  for  w  »  —  .  Hence  for  co  » -r* 

To  0  To 

the  ratio  of  the  output  signal  to  noise  ratios  given  by  Eqs.  (k3)  and  (UU) 
tends  to  unity.  This  is,  of  course,  reasonable  since  there  is  virtually  no 
noise  correlation  from  hydrophone  to  hydrophone  over  most  of  the  frequency 
range  processed. 


Fig.  2  shows  a  plot  of  the  output  signal  to  noise  ratio 


/Too 


normalized 


with  respect  to 


o'  \  u 

0  M  —  I  versus  ^  for  a  five-element  linear  array 


2n  “  I 


63 


with  two-foot  spacing  between  hydrophones.  Even  if  ,  the  upper  limit 
of  the  frequency  range  being  processed,  is  as  low  as  1000  cps  the  bounds 
of  Eq.  (!|2 )  coincide  closely  so  that  the  curves  accurately  determine  system 
performance.  Also  shown  on  the  same  figure  is  the  output  signal  to  noise 

-  (T“o  Sv 

ratio  (again  normalized  with  respect  to  1  H  -^r  )  of  a  likelihood 

ratio  detector  using  the  same  array  of  hydrophones.  The  oscillatory 


LSee  Report  No.  3,  Eq.  (30). 
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behavior  of  this  curve  is  due  to  very  pronounced  oscillation  of  the  array 
gain  G(w)  about  the  average  value  S*  From  a  practical  point  of  view 
the  most  important  conclusion  to  be  drawn  from  Fig.  2.  is  that  the  output 
signal  to  noise  ratio  of  the  likelihood  ratio  detector  does  not  exceed 
that  of  the  power  detector  with  Eckart  filter  by  a  factor  significantly 
in  excess  of  2  if  the  processed  frequency  range  extends  beyond  1000  cps. 
IV.  Conclusions 

This  report,  compares  the  performance  of  a  likelihood  ratio  detector 
with  that  of  a  power  detector  preceded  by  an  Eckart  filter.  Signal  and 
noise  are  assumed  to  be  independent  Gaussian  random  processes  and  the 
signal  to  noise  ratio  at  each  hydrophone  of  the  receiving  array  ia  assumed 
to  be  small. 


In  the  absence  of  noise  correlation  from  hydrophone  to  hydrophone 
the  likelihood  ratio  detector  is  shown  to  be  formally  equivalent  to  the 
power  detector  with  Eckart  filter.  For  the  case  of  appreciable  noise 
correlation  between  hydrophones,  calculations  are  carried  out  under  the 
following  supplementary  assumptions: 

1)  Signal  and  noise  spectra  satisfy  =  ~  ,  a  constant,  over 

the  frequency  range  processed  by  the  detection  system. 

2)  The  receiving  array  is  linear  and  has  M  equally  spaced  hydrophones. 

Numerical  results  for  a  five-element  array  with  2-ft.  spacing  between 

hydrophones  show  that  the  output  signal  to  noise  ratio  of  the  likelihood 
ratio  detector  exceeds  that  of  the  power  detector  with  Eckart  filter,  but 
by  a  factor  never  significantly  greater  than  2  if  the  processed  frequency 
range  ext  >nds  beyond  1000  cps.  As  the  upper  limit  of  the  processed 
frequency  range  approaches  infinity,  the  ratio  of  the  performance  figures 
(output  signal  to  noise  "atios )  of  the  two  instrumentations  tends  to 


unity. 
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I,  Introduction 


This  report  continues  the  study  of  the  detection  of  weak  directional 
signals  in  the  presence  of  a  very  rnuch  stronger  isotropic  background  noise. 
As  in  several  earlier  reports,  both  signal  and  noise  will  be  taken  as 
Gaussian  random  processes,  but  in  contrast  to  most  of  the  earlier  work  the 
noise  level  will  be  assumed  to  vary  from  hydrophone  to  hydrophone.  The 
problem  of  variable  noise  levels  was  treated  in  Repc  No.  2  for  the  case 

of  a  power  detector  using  clipped  or  unclipped  data,  it  was  shown  that 
the  performance  of  the  system  employing  clipped  data  can  be  distinctly 
superior  to  that  of  a  system  using  unclipped  data  when  the  variation  of 
noise  levels  becomes  sufficiently  large.  The  purpose  of  the  present 
investigation  is  to  determine  whether  clipping  is  an  efficient  method  ^or 
handling  variations  in  noise  levels  or  whether  substantial  improvements 
might  be  attainable  through  use  of  some  more  complicated  procedure.  Since 
the  likelihood  ratio  detector  is  optimal  under  most  reasonable  performance 
criteria,  it  will  (as  in  several  earlier  reports )  be  used  as  the  standard 
of  comparison. 

The  nature  and  degree  of  difficulty  of  the  problem  to  be  studied 
varies  drastically  with  the  assumptions  concerning  the  variations  in  noise 
level  from  hydrophone  to  hydrophone.  Of  particular  importance  are  two 
questions!  l)  Dc ,s  the  noise  level  at  each  hydrophone  remain  essentially 
constant  over  the  time  interval  T  available  for  detection?  2 )  Can  the 
noise  level  at  each  hydrophone  be  monitored  continuously  and  therefore 
assumed  to  be  known  during  the  detection  process? 

In  practice  the  time  T  is  likely  to  be  sufficiently  small  so  that  it 
is  not  unreasonable  to  regard  the  noise  level  at  each  hydrophone  as  fixed 
over  T  seconds.  Furthermore,  in  all  cases  where  a  significant  detection 
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problem  exists,  the  signal  to  noise  ratio  at  each  hydrophone  is  small 
so  that  the  total  average  received  power  differs  only  insignificantly 
from  the  average  noise  power.  It  should,  in  general,  be  possible  to 
measure  the  average  received  power  to  a  reasonable  degree  of  accuracy 
in  a  time  short  compared  to  T.  Hence  the  analytically  simplest 
assumption,  that  the  noise  level  at  each  hydrophone  is  known  and  remains 
fixed  during  the  observation  interval,  appears  to  be  quite  realistic. 

II.  General  Rer  _Jbs 

Under  the  assumptions  stated  above  the  analysis  of  the  likelihood 
ratio  detector  given  by  Bryn'1'  and  extended  in  Report  No  3  requires  only 
minor  modifications.  It  is  now  no  longer  possible  to  work  with  the 
normalized  noise  correlation  matrix  used  in  Report  No.  3.  However, 
if  the  same  average  signal  power  is  received  by  each  hydrophone,  it  is 
a  simple  matter  to  show  that  the  output  signal  to  noise  ratio  assumes  the 


form  of  Eq.  (l),  an  expression  entirely  analogous  to  that  obtained  in 


Here  ^(n)  and  Q0(n)  are  the  matrices  of  unnormalized  correlation 

coefficients  of  signal  and  noise  respectively.  In  other  words  has 

.  (n ))  where 
3  11 

|A^ (n )j>  is  the  set  of  Fourier  cosine  coefficients  of  the  signal  received 
by  the  i1" 1  hydrophone  (bee  Report  Ho.  3,  page  2). 


the  elements 


Ai(n)  A^nj^ 


and  Q0  the  element: 


A.  (n)  A 


■^F,  Bryn, "Optimal  Signal  Processing  of  Three  Dimensional  Arrays 
Operating  on  Gaussian  Signals  and  Noise,"  J . A . S . A .  No.  3,  March 

1?62,  pp.  239-297. 
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The  computational  problem  is  simplified  greatly  if  one  assumes 
negligible  noise  correlation  Iron  hydrophone  to  hydrophone.  The  effect 
of  noise  correlation  on  detector  performance  has  been  studied  extensively 
in  earlier  reports,  and  there  is  no  reason  to  expect  the  introduction  of 
variable  noise  levels  to  alter  the  general  conclusions  drastically.  The 
simplifying  assumption  is  therefore  made  in  order  to  focus  attention  on 
those  aspects  of  the  detection  problem  which  depend  strongly  on  the 
variations  in  noise  level. 

In  the  absence  of  noise  correlation  from  hydrophone  to  hydrophone, 
the  matrix  Q«(n)  is  diagonal  and  may  be  written  in  the  form 


02  (n)  =  N(o>n)  Aw 


K, 


(2) 


M 
00 

N(w)  is  the  normalized  noise  spectrum,  so  that  J  N(w)  dw  =  1  . 

0 

stands  for  the  average  noise  power  received  by  the  i  hydrophone.  If 
the  array  is  steered  on  target,  as  will  be  assumed, 


P2(n)  S(w)  Aw 


1  1  ...  1 

1  1  ...  1 

• 

1  1  ...  1 


(3) 


S(w)  is  the.  normalized  signal  spectrum,  and  S  stands  for  the  average 
signal  power  at  each  hydrophone. 

Equation  (l)  may  now  be  rewritten  as  follows: 

A  (DC  output) 

D (output ) 


D-  k 


If  T  is  sufficiently  large  so  that  S(u>)  and  11(a)  are  essentially 
constant  over  the  frequency  interval  Aa  =  ^  ,  Eq.  (h)  can  be  approximated 
by  the  integral  See  Report  No.  3,  Eq.  (29 ) j 

r  M 


A  (DC  output) 
D  (output ) 


(5  / 


Comparing  with  Report  No.  3,  Eq.  (32),  one  sees  that  this  expression 
is  equal  to  the  output  signal  to  noise  ratio  of  a  likelihood  ratio  detector 
with  input  signal  to  noise  ratio 


$_ 

N 


M 

1  T  J 
b  l  yl 

i=l  1 


(6) 


at  each  hydrophone. 

With  the  same  noise  level  at  each  hydrophone  and  no  noise  correlation 
from  hydrophone  to  hydrophone,  one  finds  that  the  likelihood  ratio  detector 
is  formally  equivalent  to  a  simple  power  detector  preceded  by  an  Eckart 


filter 


See  Report  No.  10,  Eq.  (2l+) 


With  varying  noise  levels  the 


equivalent  instrumentation  is  a  power  detector  with  Eckart  filter  and 
adjustable  gain  k^  in  each  hydrophone  circuit,  A  block  ’diagram  of  the 
required  instrumentation  is  shown  in  Fig,  1.  The  analysis  of  this 
circuit  requires  only  a  minor  extension  of  the  argument  contained  in 
Report  No.  10.  Thus  yn  is  now  given  by 


M 


7o(t) 


d'c  w(t)  ^  ki  xi(t  -  t) 


(7) 


i-1 


i 

^If  only  the  frequency  range  3;  ^  I:  i-3  processed  by 

detector  the  limits  of  integration  become  and  oy . 


the 


‘'Note  that  in  Rapart  No.  3  the  symbols  l(us)  and  h'(to)  represent 
unnoma  lice  i  spectra. 
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Fig.  1 


This  leads  to 


A (DC  output )  «  ^ 

'  M  n 

E*. 

2  00 

$  |  d“  s(«) 

H(co) 

i=l 

J 

«co 

and 


d2(V  =  T  d“|H(w) 


-.00 


M  M 

E  ZkikhGih<“) 

i=l  h=l 


(8) 


(?) 


where  H(co)  is  the  frequency  response  function  of  the  Eckart  filter  and 

th  th 

G„  (<*>)  is  the  unnormalized  cross-spectral  density  between  the  l  n  and  hUI 


hydrophones. 


See  Report  No.  10,  Eos,  (6)  and  (19). 


Hence  the  output  signal  to  noise  ratio  is 
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Vf 
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/  k. 

Li-1 


-  1  du  5(a) 
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H(w) 
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K  M 

E  E  Vh  Gih<“) 
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H(.o)j 

1  ~QO 

i=l  h=l 

(10) 
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The  frequency  response  function  of  the  Eckert  filter  satisfies  the  equation 

1 2 


Ufa) 


S(co) 
N  2(m) 


(ID 


Substituting  Eq,  (ll)  into  Eq.  (10 )  and  recognizing  that  the  integrands 
in  numerator  and  denominator  are  even  functions  of  co 
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In  the  absence  of  noise  correlation  from  hydrophene  to  hydrophone 


Gih(“)  =  < 


Hence 


Ki  »(“) 

0 

,2 


for  h  =  i 
for  h  j  i 


"  M  “ 

00 

s 

Eki 

$  J  do) 

rs(co)] 

i=l  J 

0 

u.  -* 

2n 


CO 


dco 


’s 

N 

L 

M 


Eh^ 


i=l 


T 


s 


M 


,ki 


i=l 


2  n  ^  M 

( - 5  O 

i--l 


Equation  (lb)  is  identical  vrith  Eq.  (5)  if 

r  M  n  2 
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Li=l  J 
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(12) 
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Equation  (l£)  is  satisfied  when 


k. .  i 
1  w± 


(16) 


Thus  the  k^  in  Fig.  1  are  simply  gain  control  circuits  which  discriminate 
against  hydrophones  with  high  noise  level.  The  total  average  power  out 
of  the  gain  control  k.  varies  with  — -  . 

1'  j_ 

III.  Comparison  of  Likelihood  Ratio  Detec  or  and  Clipped  Power  Detector 
In  Report  Ho.  2  the  performance  of  a  power  detector  operating  on 
clipped  data  is  compared  with  that  of  a  power  detector  operating  on 
unclipped  data.  For  ease  in  comparison  with  the  earlier  results  it  is 
therefore  convenient  to  relate  the  performance  figure  of  ,he  likelihood 


ratio  detector 


Eq.  (5) 


to  the  equivalent  figure  of  merit  of  an 

undipped  power  detector. 

With  G^(co)  given  by  Eq.  (13 ),  H(co)  =  1,  and  k^  =■  1  for  all  i, 
Eq.  (10 )  becomes 

CO 

£  [  dco  S(co) 


A  (DC  output)  a  n/Y1  ,f2 
\  '  2n 


o(y,,) 


dco  N  (co) 
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i=l 


-,/Jh2-/ 

(/  2n  "  TT 


-iA  I  oo 

i-1  li  i 


dco  N  (co) 


(17) 


Thus  the  ratio  of  Eq,  (5)  to  Eq,  (l? ),  i.e.,  the  ratio  of  the 
performance  figure  of  the  likelihood  ratio  detector  to  that  of  the 
undipped  power  detector  is 


performance  figure  of  likelihood  ratio  detector 
performance  figure  of  unclipped  power  detector 


N  (co)  dco 


(10) 


When  all  of  the  are  equal  Eq.  (18)  reduces  to 


Derformance  figure  of  likelihood  ratio  detector 


performance  figure  of  unclipped  power  detector 


This  gives  the  improvement  attainable  with  likelihood  ratio  techniques 
in  the  absence  of  noise  variations  from  hydrophone  to  hydrophone,  a 
factor  which  has  been  discussed  in  several  earlier  reports. 

The  quantity  of  interest  here  is  the  dependence  of  Eq,  (18)  on  the 
variation  of  .N^  from  hydrophone  to  hydrophone.  It  is  given  by 


M  w  M 
n  \i=l  /  V i=l 


M  M  .r 

1  V  ^  zl 

M2  -tfj 

i=l  j=l  0 


For  numerical  computations  it  will  be  assumed  that  the  average  noise 
power  at  each  hydrophone  can  assume  just  two  values,  a  lew  value  and 
a  higher  value  N^,  The  probability  that  any  given  hydrophone  has  average 
noise  power  is  p  and  the  noise  power  levels  at  different  hydrophones 
are  regarded  as  statistically  independent. 

If  k  of  the  hydrophones  are  in  the  high  noise  state 

y  2  ,  2  ,  ,,(NH  Nl|  (r 

L  L  TT  ’  k  +  {M  - k)  +  k(M  -  “Mr  +  r  (‘ 

1=1  3=1  '  L  H/ 

Hence  R^,  the  expected  value  of  F,  assumes  the  form 


h  "  E(F)  =  E  k2  +  (M-k)2  +  k(M-k/jjS  +  ^ 

kn0L  ^  E  E'- 


kj  (M-k)J 


k ■vM-k 

P  (1-p) 


(22) 
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Figure  2  shows  as  a  function  of  Np/N^  for  p  ^  and  M  =  2,5,10 
and  oo  .  Also  shown  is  the  improvement  ratio  Rc  of  a  clipped  power 
detector  relative  to  an  unclipped  power  detector,  normalised  to  unity 
at  Np/Np  =  1  ,  This  curve  was  computed  from  Report  No.  2,  Eq.  (3k), 
with  p  =  and  c  =  N^/N^  (low  input  signal  to  noise  ratio).  In 
Report  No.  2  it  was  assumed  in  effect  that  precisely  pM  hydrophones  were 
in  the  high  noise  state  (perhaps  because  of  known  ;  patial  patterns  of 
flow  noise).  This  is  equivalent  to  the  assumption  M — .  Thus  R^ 
rises  somewhat  more  rapidly  with  Np/Np  than  the  equivalent  improvement 

p  (m=oo) 

ratio  for  the  clipped  power  detector.  However  the  ratio  — ^ -  is  less 


c 

than  2  over  the  entire  range  investigated.  Therefore  the  gain  to  be  made 
by  going  to  a  likelihood  ratio  detector  is  probably  insufficient  to 
justify  replacement  of  the  simple  clippers  with  the  more  complicated 
gain  control  circuits  demanded  by  the  likelihood  ratio  detector. 

The  improvement  ratio  is  the  expected  value  of  the  ratio  of  the 
performance  figures  of  the  likelihood  ratio  and  power  detectors.  An 
equally  logical  basis  of  comparison  would  be  the  ratio  of  the  expected 
values  of  the  performance  figures.  This  leads  to  the  definition 


R, 


1  B (performance  figure  of  likelihood  ratio  detector)  ^3 ) 


2  K 


E (performance  figure  of  unclipped  power  detector) 


whereas  R^  was  defined  by 


1  ,,  performance  figure  of  likelihood  ratio  detector  l  \ 

h - - - r 

performance  figure  of  unclipped  power  detector 


In  both  of  these  equations  K  is  the  improvement  ratio  for  equal  noise 


power  at  each  hydrophone  and  is  given  by  Eq.  (19). 
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From  Eqs,  (5 )  and  (l?  ) 
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(25) 


With  the  same  assumptions  concerning  the  distribution  of  the  as 
were  made  in  the  computation  of  R^  one  obtains 
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and 
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^klHt  (M - k )Nl  kj  (M-k)J 
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pk(l-p)M"k  (27) 


Figure  3  shows  R^  plotted  as  a  function  of  N^/N^  for  p  =  ^  and 

M  »  2,5,10  and  «  ,  The  cur  re  for  M  =  00  is,  of  course,  identical  with 

the  corresponding  curve  of  Fig.  2,  so  that  the  comparison  with  R  remains 

unchanged.  However,  for  finite  M  the  various  curves  of  Fig.  3  approach 

asymptotic  values  of  2^"^  for  large  N^/N^  .  This  is  due  to  the  fact 

that  there  is  a  finite  probability  (2  )  that  all  hydrophones  will  be 

1 

T~ 

Z  1 


in  the  low  noise  state.  Hence  E 


\ 

i=l 


approaches  the  finite 


constant 


M  Nt 


as  Nh/Nl~ }  °°  . 


Report  No.  2  considered  a  variety  of  possible  distributions  for  N ^ 
aside  from  the  one  analyzed  thus  far.  Equivalent  computations  for  the 
improvement  ratio  of  the  likelihood  ratio  detector  (with  M—+00  )  show 
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results  entirely  consistent  with  those  given  in  Figs,  2  and  3.  In  each 
case  investigated  the  improvement  ratio  of  the  likelihood  ratio  detector 
rises  somewhat,  but  not  drastically,  faster  with  N^/N^  than  that  of 
the  clipped  power  detector.  For  example,  if  jsT^  has  the  continuous 
probability  density 


1(1^)  =  <| 


'iLhi1 

KirxJ 


for  Nl  <  jf  <  Nh 


elsewhere 


(26) 


and  if  the  various  are  statistically  independent,  one  finds  (for  M  -*«>) 


*1 


R, 


NH 


-  n 


nh/ 


In 


Nh\ 

5 


(2  9) 


The  improvement  ratio  for  the  clipped  power  detector  is  from  Report 


(30) 
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IV.  Conclusions 

This  report  analyzes  the  effectiveness  of  likelihood  ratio  techniques 
for  the  detection  of  weak  directional  Gaussian  signals  in  isotropic 
Gaussian  noise  when  the  average  noise  power  varies  from  hydrophone  to 
hydrophone.  The  following  basic  assumptions  are  made: 

1)  The  noise  disturbances  received  by  different  hydrophones  aro 
unc or related. 

2 )  The  average  noise  power  at  each  hydrophone  can  bo  measured  in 
a  time  short  compared  to  the  time  T  available  for  detection. 

3)  The  average  noise  power  at  each  hydrophone  remains  fixed  during 
the  observation  time  T, 

ii)  The  average  noise  powers  at  different  hydrophones  are 
statistically  independent. 

Under  these  conditions  the  likelihood  ratio  detector  reduces  to  a 
power  detector  with  Eckart  filter  incorporating  in  each  hydrophone 
circuit  a  gain  control  that  varies  the  gain  of  the  channc^  inversely 
with  the  noise  power  received  by  the  corresponding  hydrophone. 

The  performance  index  (output  signal  to  noise  ratio)  of  the 
likelihood  ratio  detector  is  better  than  that  of  tho  clipped  power 
detector  under  all  conditions,  but  the  relative  advantage  increases 
only  slowly  with  increases  in  the  variation  of  noise  from  hydrophone  to 
hydrophone.  Thus  one  comes  to  the  conclusion  that  clipping,  while  not 
an  optimal  procedure,  is  quite  efficient  in  combating  the  effocts  of 
noise  variation  from  hydrophone  to  hydrophone.  The  gains  to  be  made 
by  the  use  of  likelihood  ratio  techniques  are  relatively  small  in  all 
cases  it vestigatod. 
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I.  Introduction 


As  implied  in  the  title,  a  signal  is  received  in  two  channels,  and 
the  problem  is  to  estimate  relative  delay  between  the  two  received 
versions.  This  estimate  of  delay  is  wanted  in  order  to  determine  the 
bearing  of  a  point  source  generating  the  signal  at  some  distance  away 
in  the  transmission  medium. 

It  is  assumed  that  the  signal  generated  by  the  source  is  random  in 
nature,  and  for  simplicity  in  the  following  work,  it  is  also  necessary 
to  assume  that  the  signal  process  is  stationary  Gaussian  bandlimited 
white  noise.  It  will  further  be  assumed  that  the  signal  in  each 
channel  is  corrupted  by  independent  stationary  Gaussian  bandlimited 
white  noise.  Figure  1  is  a  sketch  of  the  system  being  studied. 


wave 

front 


\ 


ray  paths 

A,  ,  s(t  -  P)  +  njt) 


point 

source 


l  \ 


j 

i  d 

n 

B(t)  * 

si 

s(t 

6-H- 


Best  estimate 
of  6 


receiving  array 


Figure  1  Receiving,  Estimating  System 


The  relative  delay  6  =  -  is  the  time  required  for  the  signal  to 
travel  the  additional  distance  d  in  the  medium.  The  delay  P  is  the 
gross  travel  time  of  the  signal  to  the  array  and  will  not  enter  into 
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further  discussions.  Difference  in  attenuation  of  the  signal  before 
entering  the  two  channels  is  neglected.  However,  different  noise 
levels  in  the  two  channels  are  assumed.  The  choice  of  bandlimited  white 
signal  and  noise  means  that  freo.uency  dependence  of  attenuation  has 
been  neglected.  This  assumption  will  be  poor  at  large  bandwidths  or 
long  range  of  transmission.  Usually  a  random  component  of  delay  and 
a  non-stationary  signal  level  are  present  in  systems  of  this  sort 
due  to  inhomogeneities  of  the  transmission  medium,  multipath,  etc. 

However,  these  are  neglected  in  the  present  analysis.  Some 
discussion  of  these  effects  will  appear  in  a  final  section  of  this 
report.  Also  in  the  final  section  will  appear  further  discussion  of 
the  other  assumptions. 

II.  Notation  and  Model 

It  is  assumed  that  the  signal  and  noise  are  observed  in  each  channel 
over  the  period  of  time  T.  The  time  origin  will  be  chosen  so  as  to 
neglect  the  gross  delay  P  indicated  in  Fig.  1.  Then  we  write  for  the 
signal  in  the  two  channels 

x(t )  =  s (t )  +  n^(t ) 

(1) 

y(t)  =■  s(t  -  6)  +  n2(t) 

Under  our  assumptions,  x(t)  and  y(t)  are  each  completely  characterized 
over  a  long  interval  T  by  2TW  samples  taken  at  intervals  of  ^  seconds. 

Here  W  is  the  bandwidth  in  cycles  per  second.  We  make  the  definitions 


(2) 


E  - 


The  data  available  to  the  estimator  is  then  the  two  row  vectors  x  and  y 
or  the  composite  vector  l  =  (x,y)  where 


x  -  (x1,x2J 


JV2TW 


\ 


(3) 


y  -  (yv  y2>...  y2TW) 


A  well-known  theorem'" from  the  theory  of  estimation  sets  a  lower 
bound  on  the  variance  of  an  estimate  of  the  parameter  of  a  distribution 
when  a  sample  from  a  process  with  that  distribution  is  available.  We 
shall  formulate  our  problem  in  this  vein.  Subsequent  discussion  will 
show  that  certain  realizable  estimation  schemes  attain  this  limiting 
performance.  Under  the  assumptions,  all  the  statistical  parameters 
of  the  joint  distribution  of  the  components  of  l  are  known  except  the 
relative  delay  which  is  to  be  estimated.  We  write  the  joint  probability 
density  as  P(£jk)  where  l  is  the  previously  defined  vector,  and  k  is 
defined  such  that 

JL  =5  (ij) 

2W 

The  best  estimate  of  the  normalized  variable  k  is  denoted  k^  and 
the  theorem  states  that 


E<(k*  -  k)‘ 


iN  P(*;kj) 


2^ 


(5) 


"4ee  li.  Cramer,  Mathematical  Methods  of  Statistics,  Princeton 
University  Press,  19U?u  The  material  is  discussed  in  chapter  32  and 
following. 
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The  theorem  is  valid  for  unbiased  estimates,  i,e0,  estimates  such  that 
E^k^j  «  lc  ,  and  for  regular  estimation,  i.e,,  for  distribution  functions 
which  do  not  have  discontinuities  as  functions  of  k.  These  conditions 
apply  to  the  present  case. 

In  the  section  which  follows,  the  Gaussian  probability  function 
PUjk)  will  be  written  down  and  the  operations  indicated  in  Eq.  {$) 
will  be  carried  out.  In  the  end  the  normalization  to  the  variable  k 
will  be  reversed  so  that  the  error  will  be  stated  in  more  familiar  terms. 
Ill,  Minimum  Variance  of  Estimate  of  Relative  Delay 

The  Gaussian  probability  function  P(^jk)  is  easily  written  in 
general  form. 

P(4jk)  n  - - - exp 

(2n)n|Mj£|l/2 


^Mk"V 


(6) 


Here  n  »  2TW  is  used  for  convenience,  and  the  covariance  matrix 
is  defined  below. 
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•  *  *  bnl 
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♦  •  # 
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C22 

•  •  • 

• 

• 

b, 

in 

b 

nn 

« 

Cnl 

c 

nn 

(7) 


E  ~  5 


„  S  sin  [n(,1  -  k  -1)] 
n(j  -k  -i) 


(8) 


(?) 


Note  that  only  in  the  elements  b^  does  the  functional  dependence  of  P 
upon  k  appear. 

We  proceed  by  carrying  out  the  operations  of  P(£jk)  indicated 
in  Eq.  (5).  First, 

log  P{£jk)  «  -  n  log  2n  -  |  log  J^j  -  (1°) 

i 

The  next  step,  that  of  differentiation,  is  tedious  and  so  the  details  are 
relegated  to  an  appendix.  It  is  convenient  to  evaluate  the  derivative 
only  at  integral  values  of  k.  In  fact,  farther  attention  will  be 
concentrated  only  on  the  case  k  «■  0  ,  although  other  integral  values 
are  possible.  Later  disc’s  ssion  will  show  that  this  is  not  a  serious 
restriction. 

As  shown  in  the  appendix, 


—  log  P(4  jk  )  =  ■'•  y  m  x 

Sk 

k3C 


(11) 
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where 


m 


1 


0 

5 

u 

‘51 

u 

31 
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s 

s 

“  T5 
u 

0 

5 

to 

L.  U 

s 

55 

•  e  • 


(12) 


and 


B  =  (S  +  N1)(S  +  N2 )  -  S‘ 

1.21 


(13) 


Now,  it  is  necessary  to  compute  E  <J^(ymx  )  |  in  order  to  substitute 
into  Eq,  (5).  The  product  ymx  is  a  summation  of  n^  -  n  terms,  each 
ore  a  product  of  the  fonn 

x.  y, 

+  1  .3.  -  i  /  i 

|(i  -  j  )l  B 

The  square  of  ymx'  is  a  summation  with  (n  -  n)  terms  consisting  of 

each  term  in  ymx'  times  itself  and  every  other  term.  If  the 

expectation  of  the  sum  is  taken  term  by  term,  each  may  be  expanded 

2 

according  to  the  following  principle. 

E  j  '  E{xiyj}  E{v<}*  E{xixh)  E{yjyf}+  E{xiyi}E{vj}  (lit) 

®  @  © 


ose  Davenport  and  Hoot,  Random  Signals  and  Noise,  McGraw-Hill, 

1959,  $8.7. 
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Under  the  assumptions  of  the  problem,  and  with  k  =  0  ,  all  the 
expectations  of  two-fold  products  shown  in  Eq«  (lU )  are  aero  unless 
the  indices  of  the  two  variables  are  the  same.  For  equal  indices  we 
have 


Because  the  diagonal  terms  of  m  are  all  zero  j^See  Eq,  (12  )J  ,  terms  of 
type  (J)  in  Eq.  (1)4)  do  not  contribute  to  E|(ymx')2|.  Terms  of  type 
(2)  contribute  only  if  i  =  h  and  j  «  l  ,  or  in  other  words,  for 
products  of  terms  of  ymx'  with  themselves.  Terms  of  type  (D  will 
contribute  only  if  1=1  and  h  °  j  ,  or  in  other  words,  for  prcduots 
of  terms  of  ymx'  with  symmetrical  positions  about  the  major  diagonal. 
We  shall  carry  through  one  sample  set  of  terms.  Let  us  consider  the 
expectation  of  the  products  of  the  term  from  ymx'  corresponding  to 
the  first  non-zero  element  in  the  first  row  of  m,  with  itself  and 
wi+h  its  diagonally  symmetric  term.  The  self  term  contributes 

2  2  li  0 

(S  +  N^)(S  +  Ng )  S  /B  and  the  cross  product  contributes  -  S  /B  . 

2 

The  net  contribution  is  S  /B  .  For  terms  further  from  the  diagonal, 
a  factor  (i  -  j)  appears  in  the  denominator.  The  net  contributions 
of  all  self  and  cross  products  may  then  be  arranged  into  a  matrix 
for  convenience.  This  gives 
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Eaymx'  )2j 


(S+^XS+N^  -  S' 


si 


1 

H 


l 

9 

1 

77 


•  «  • 


1 

U 


J 

(16) 


The  factor  S2/  [(S  +  N^)(S  +  )  -  S2]  is  common  to  all  the  terms,  and  the 
operation  has  been  invented  for  convenience  to  indicate  the  sum  of 

all  elements  of  a  matrix. 

The  summation  is  fini  j  because  the  matrix  is  nXn  .  We  may  write 
the  summation  in  the  f«rm 


:(„.!>♦  ii«=22  ♦  ♦  ...  — L 


(n-l)‘ 


This  may  be  manipulated  to  obtain 


2n 


1  1  1 

’,11  1 

-  2 

1  +  1  +  J  +  •“  n-1 

3  2 

The  bracketed  series  in  the  first  term  converges^  for  large  n  to  n  /6  . 
The  bracketed  series  in  the  second  term  diverge but  may  be  approximated 
for  large  n  by  log(n-l)+  y,  where  y  or,  5772  is  Euler's  constant. 

Hence  we  write 


See  Pierce,  A  Short  Table  of  Integrals,  fourth  ed.,  Ginn  and  Co., 
1956,  No.  832. 


*5ee  Pierce,  Mo,  79b. 


E  -  y 


2  S 


(s  +n1)(s  +  n2)  -  S' 


•  2 

n  \  -  log(n  -1)  -  .5772 


(17) 


for  large  n.  Obviously  if  n  is  large  enough  only  the  first  term  in  the 
bracket  need  be  kept, 

Now,  substitution  into  Eq.  (5 )  yields 


E<j(k*  -  ic/ 

l 


(S  +  N^OS  +  N^  -  S' 
2  S2 


(18) 


n  -  log(n-l)  -  .5772 


k 

Substitution  of  n  *  2WT  and  6  =  —  yields  minimum  estimation  error 

2W 

for  time  delay  6  in  terms  of  observation  time  T  and  bandwidth  W,  We  have 


E<(6*  -  6) 


.2 


> 


(3  +  Nx  )(S  +  N2  )  -  S2 


1  1 
2  ‘  £ 

m  _  iog(2WP-l)  -  .5772 

(19) 


If  the  usual  assumptions  of  WT  »  1  and 
expression  may  be  simplified  considerably. 


s  s 

or  jj-  «  1  are  made,  the 


Then  we  have 


e((6*  -  6)2]  >  •  ~  •  —  (20) 

l  j  Sd  8n  W  WT 

Corresponding  to  the  restriction  k  =  0  ,  there  is  for  Eq.  (20)  the 

restriction  5  c  0  .  However,  this  is  not  a  serious  restriction  because 
the  equivalent  situation  is  attainable  by  insertion  of  a  known  amount 
c-  delay  into  x(t),  or  altering  the  time  origin  of  the  x(t)  samples. 

Since  the  result  given  by  Eq,  (20)  is  supposed  to  be  an  absolute 
minimum  for  the  error,  it  is  useful  to  compare  it  with  results  obtained 


a> 
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elsewhere.  In  Progress  Report  No.  9,  T.  Usher,  Jr.,  has  an  equation  for 
minimum  bearing  error  for  a  split  beam  system.  To  make  a  comparison, 
we  use  his  Eq,  (52).  To  put  his  result  into  the  same  terms  as  ours,  we 
make  the  following  substitutions  or  changes: 

1)  We  have  two  hydrophones,  oat  M  =  1  . 

2 )  Multiply  by  ^  to  convert  to  time  delay  error. 

3)  Square  expression  to  get  mean  squared  error. 

it)  Set  bandwidth  averager  equal  to  This  is  obtained  by 

assuming  that  the  averaging  filter  of  the  split  beam  system  has  a 
weighting  function  which  is  constant  for  an  interval  T  and  zero  elsewhere. 

5)  Set  g  (a>)/g  (m)  =  1  ,  0  <  to  <  2nW  j  zero  elsewhere.  This 

conforms  to  our  assumption  of  bandlimited  white  signal  and  noise. 

6)  Let  N,  11  Ng  c  N  in  Eq.  (20), 

When  all  of  these  changes  are  made,  the  two  exprassions  are  equal. 

IV.  Maximum  Likelihood  Estimator 

If  the  minimum  estimation  error  given  by  tha  statistical  theory  is 

5 

attainable,  it  can  be  attained  by  the  method  of  maximum  likelihood. 

To  estimate  by  the  method  of  maximum  likelihood,  it  is  necessary  to 
solve  the  equation 


—  log  P(«5k)  =  0  (21) 

6k 

for  the  vaj.ue  of  k  as  a  function  of  the  value  of  the  sample  vector  . 
Unfortunately,  it  has  not  been  possible  to  perform  the  differentiation 
indicated  in  Eq.  (21 )  continuously  as  a  .function  of  k.  Since  the 
differentiation  has  been  performed  for  k  °  0  ,  it  is  clear  that  a 

c  „ 

H.  Cramer,  op.  cit.,  Chapter  33. 


nearly  equivalent  method  of  estimation  is  to  "steer"  the  array  either 
physically  or  by  insertion  of  time  delay  until  the  time  delay  is  zero. 
This  may  be  detected  when  the  value  of  +ymx'  =  0  .  Then  by  Eqs,  (ll) 
and  (21),  the  maximum  likelihood  estimate  of  the  additional  delay  is 
zero.  However,  since  this  is  not  strictly  the  maximum  likelihood 
solution  sought,  it  is  necessary  to  evaluate  the  error  of  this  method 
of  estimation.  A  brief  investigation  has  shown  that  evaluation  of 
this  error  is  tedious,  and  involves  finding  the  distribi  ion  of  zero 
crossings  of  a  random  process. 

Since  it  has  already  been  shown  that  another  estimation  method  is 
as  good  as  the  method  of  maximum  likelihood  could  be,  it  is  not 
necessary  to  go  into  the  details  of  the  analysis  here. 

V,  Conclusions 

The  foregoing  results  show  that  the  ideal  system  in  the  sense  of 
our  assumptions  has  an  optimum  performance  specified  by  Eq.  (20). 
Furthermore,  under  the  same  set  of  conditions,  realizable  schemes  such 
as  the  split  beam  system  attain  the  same  optimum  performance.  Although 
this  is  comforting,  it  leaves  unanswered  the  question  of  performance 
under  other  conditions.  The  realizable  schemes  have  been  evaluated 
under  other  conditions.  For  instance,  the  split  beam  system  has  been 
extensively  analyzed  in  Progress  Report  No.  9.  However,  it  is  not 
known  how  this  performance  compares  with  the  optimum  attainable  under 
the  same  conditions.  It  is  proposed  to  discuss  the  assumptions  made 
in  this  report  and  to  suggest  ways  in  which  the  analysis  could  be  made 
more  general. 

To  begin  with,  the  assumption  of  bandlimited  Gaussian  white  signal 
and  noise  is  quite  restrictive.  Unfortunately,  the  entire  analysis 
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works  because  of  this  set  of  assumptions.  The  band-limitation  allows 
sampling ,  thus  reducing  the  data  to  a  sequence  of  numbers.  The  Gaussian, 
white  assumption  gives  the  probability  density  function  very  simple 
properties.  The  one  hope  of  improving  upon  this  assumption  is  to  sample 
in  the  frequency  domain  instead  of  in  the  time  domain.  However,  this 
will  make  the  statistical  properties  a  much  more  complicated  function  of 
time  delay. 

Another  assumption  has  been  made  that  the  signal  level  is 
stationary.  However,  it  is  often  observed  that  received  signal  strength 
varies  as  a  function  of  time,  although  usually  at  frequencies  which  are 
very  low  compared  to  the  system  bandwidth.  One  possible  representation 
of  this  situation  is  multiplicative  noise.  That  is,  we  write 


(22) 


x(t)  =  a(t)  s(t)  +  n^(t) 
y(t)  °  b(t  -  6)  s (t  -  6 )  +  n?(t) 

where  a(t)  >  0  ,  b(t)  >  0  are  slowly  varying  random  processes, 
independent  of  s(t),n^(t)  and  ng(t).  It  is  helpful  to  a33ume 
E<|a^(t)j>  ■=  1  ,  E<jb2(t)|  =  1  ,  so  that  the  average  signal  to  noise  ratios 
are  still  S/N^  and  S/N^.  It  can  be  shown  that  if  s(t)  is  Gaussian 
white  noise,  still  the  product  a(t)  s(t)  or  b(t)  srt)  will  not  in 
general  be  either  Gaussian  or  white.  However,  as  long  as  Lhe  signal 
to  noise  ratios  are  very  small  compared  to  unity,  then  x(t)  and  y(t) 
may  still  be  assumed  Gaussian  white.  Then  the  rest  of  the  analysis 
will  carry  through  in  a  simple  fashion,  with  the  only  change  appearing 
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in  the  values  of  the  coefficients  b^  given  in  Eq.  (9).  It  is  clear 


Vi  ” E  K  yi  ■ E  s  f 


L3  V1  law)  law 


Mlii/A'  blips' 

aw  Uw  2w  1 


s  Ctt(J  -k-1)]  R  I  3  -  lc  -  i 
n(3-k  -.)  abl  2W 


Note  that  the  values  of  b^  are  still  zero  for  k  0,1,2,..,  if 
j  -k  -i  /  0  .  This  is  then  easily  carried  through.  It  is  obvious 
that  the  only  change  this  will  make  in  the  result  is  the  values  of  the 
coefficients  in  the  matrix  m.  These  may  be  readily  calculated  with 
any  particular  choice  for  the  function  R 

Another  empirically  observed  phenomenon  which  has  been  neglected 
is  the  random  component  of  time  delay  which  is  tften  present.  To  the 
extent  that  this  time  delay  is  identical  in  both  channels,  it  introduces 
no  error  whatsoever.  However,  if  there  is  lack  of  complete  correlation 
between  the  time  delay  in  the  two  channels,  errors  will  result.  If 
this  delay  is  slowly  varying  to  the  extent  that  it  remains  nearly  fixed 
over  the  observation  period  T,  then  the  error  in  delay  must  be  added 
directly  to  whatever  random  errors  are  generated  in  the  estimation 
system.  Hence  this  may  be  accounted  for  without  disturbing  the  analysis. 
Should  higher  frequency  components  of  random  time  delay  occur,  they 
will  affect  the  result  by  reducing  the  value  of  E<jsj^gj  s ( used 
to  compute  in  Eq.  (9).  This  will  have  an  effect  equivalent  to 
reduced  input  signal  to  noise  ratio. 


Finally  it  has  been  assumed  that  the  complete  time  waveforms  of 


x(t)  and  y(t)  are  available  to  the  estimator.  In  practice  this 


information  is  usually  clipped  and  sampled  before  being  presented  to 
the  estimator.  Under  our  assumptions  the  sampling  produces  no  loss  of 
information.  However,  if  used  in  combination  with  the  clipping, 
considerable  information  is  thrown  away.  It  would  be  very  helpful  to 
carry  out  an  analysis  similar  to  the  one  above  but  using  only  the 
sampled  clipped  information.  Then  the  loss  of  information  could  be 
evaluated  in  terms  of  increase  in  minimum  estimation  error,  and  the 
performance  of  practical  systems  under  these  circumstances  could  also 
be  evaluated  to  obtain  a  realistic  figure  of  merit. 

The  main  problem  in  performing  the  analysis  for  clipped  sampled 
information  is  to  write  the  joint  probability  density  function  for 
the  clipped  samples  in  a  general  form  such  that  the  differentiation, 
etc.,  may  be  easily  performed. 
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Appendix  Dlfferentiatj.cn  of  log  F(l;k)  with  respect  to  k 
From  eq.  (10 )  we  have 


log  P(f;k)  -  -  2TW  log  2n  -  |  log  1^  -  j  l  M,'1  l' 


U-D 


© 


The  terms  are  labeled  (p,(2),  and  Q  and  will  be  considered  separately. 
Term  (l)  is  independent  of  k;  hence  its  derivative  is  zero.  It  will  be 
shown  that  the  derivative  of  (2)  is  zero  for  integral  values  of  k. 

First  we  note  that  is  considerably  simplified  for  integral  k. 
Denote  integral  k  by  k  =  K,  and  may  be  written 

K  columns 


K 

rows 


(A-2) 


A  similar  picture  applies  for  negative  integers  K  except  that  the 
minor  non-zero  diagonals  are  shifted  in  the  opposite  direction.  Now 
suppose  K  is  changed  incrementally  to  k  =  K  +  Ale  .  If  all  but  the 
linear  terms  in  k  are  neglected.  I-L  ..  can  be  written  approximately 
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Then  the  derivative  is  evaluated  by  means  of  the  definition. 

JL  K  .  u,  JWjM 

3k  K  Ak->0  Ak 
k=K 

For  this  a  general  evaluation  of  |M^|  as  well  as  is  required. 

We  begin  with  |m^|  for  K  =  0  .  Note  the  following: 
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3)  For  size  2nX2n  we  denote  matrix  sizes  for  convenience  of  reader. 


S+Nl 
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Without  showing  all  the  steps,  expansion  of  the  above  determinant  is  made 
along  the  first  column,  yielding  two  non-zei’o  terms.  The  first  term, 
proportional  to  (S+M^),  is  expanded  along  its  nth  row  (n  +  lst  of  original). 
The  second  torm,  proportional  to  S,  is  expanded  along  its  first  row. 

Then  terms  are  combined  to  give 


From  here  it  is  an  easy  step  to  the  conclusion  that 


M, 


=  ^(s+n1)(s+n2)  -  s' 


(A 


In  a  similar  fashion,  if  K  is  some  integer  other  than  zero,  either 
negative  or  positive,  but  less  than  n,  a  general  result  may  be  obtained, 
The  details  will  not  be  shown  here.  The  result  is 


r  oi  n  -|  K  |  |K|  |K| 

|(S+N1 )  (S+N2 )  -  S^j  (S+N1 )  (S+N2 ) 


(A- 


Similarly,  way  be  evaluated.  For  compact  notation,  terms 

with  powers  of  Ale  greater  than  or  equal  to  two  will  be  dropped.  Again 
the  only  case  considered  in  detail  is  the  case  K  =  0  .  Beginning 
directly  with  the  2nX2n  case,  we  have 
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Expansion  along  the  first  column  yields  a  series  of  terms  of  the  form 

(S+V  |@|  ♦S|(2)|  -SUc|®|  +^|©|  -^|©|  ♦  ... 

First  the  determinant  j(l)  is  expanded  along  its  n^*1  row  (n+ 1S^’  of 
original).  This  gives  a  number  of  terms,  one  of  which  is 


The  other  terms  resulting  from  the  expansion  of  j(T)J  all  have  a  complete 

n  column  of  terms  which  are  either  zero  or  proportional  to  Ak  as  well 

as  a  coefficient  in  front  proportional  to  Ak,  Hence  they  are  proportional 
2 

at  least  to  Ak  and  may  be  neglected.  A  similar  sequence  of  steps 
results  when  j@j  is  expanded  along  its  first  row.  The  result  is 
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When  |©|,  |©|,  |©|  ,  etc.,  are  expanded  along  their  n^ 

column,  all  the  terms  have  an  entire  row  proportional  to  Ak,  so  that 

o 

the  contributions  are  proportional  at  least  to  Ak  .  Then  we  write 


M 


O+Ak 


FqI  +  terms  proportional  to  Ak  or  higher 
powers  of  Ak 


(A-7) 


Further  investigation  for  cases  K  /  0  yields  the  result,  not  proven 
here,  that 


+  terms  proportional  to  Ak 
powers  of  Ak 


2 


or  higher 


(A-8) 


Substitution  of  this  result  into  Eq.  (A-ij)  and  evaluation  of  the  limit 
then  gives 

»  0  (A -9) 

k=h 

Now  there  remains  the  problem  of  differentiation  of  term  Q)  in 
Eq.  (A-l).  Again  the  definition  of  derivative  will  be  used. 
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first  some  algebraic  manipulations  are  performed. 

t<Yv  -  i<lWv  '  My1  -  Yak"1]*'  w-u) 

The  difference  shown  in  the  brackets  may  be  approximated  for  small  Ak  by  a 
standard  matrix  technique. ^  Let 

(A-12) 


From  Eqs.  (A— 3 )  and  (A-2 ),  may  be  written  approximately,  keeping  only 
linear  terms  in  Ak.  It  will  be  seen  that  only  these  terms  count  when 
lim  Ak— >0  is  taken. 


a  -  23 


I 


Now  let  us  define 


EK+Ak 


-1  -  M**1  ♦  6f 


(A-lU) 


Then,  by  definition  of  the  unit  matrix  x, 


>W  [V 


-  +  6. 


'K 


Rearranging  and  pre -multiplying  dj  gives 


yVut  6k  ■  v1  l1  •  w  ^  *J 


-i 


(A-15 ) 


The  left-hand  aide  is  approximately  V  Equat  ion  (A-12)  may  be  aubatituted 
into  ''he  right-hand  side  to  obtain 


■  Mk’1  ®K  Mx"1 


(A-l6 ) 


Subatitution  of  the  varioua  reaulta  back  into  Sq.  (A-10)  then  givoa 


■1~  »»  -1  #  1 


JL  Aik:1*' 


ak 


2*uk 


kaK 


lin 

Ak-*0 


Ak 


(A-17) 


smoe  D .  ia  the  only  matrix  in  which  dependence  on  4k  appeara,  the 
K 

limiting  operation  may  be  moved  inside. 


_3_ 

ak' 


-iKVl 


1 ...  -1 
2 


*imk 


k=K 


lim 

Ak~»0 


II  V1*' 


(A-10) 


Now  all  of  the  terms  of  the  product  shown  in  Eq.  (A-l8)  may  be  written 
„et.  The  vector  4  ia  defined  in  Eq.  (3).  ^om  Eq.  (4-13),  we  write 


■  is  not  difficult  to  show  that  the  inverse  of  is  as  follows 


where  B  -  (S+^XS+N^  -  S2  .  This  can  be  proved  by  multiplying  by 
given  in  Eq.  (A-2 )  to  obtain  the  unit  matrix. 

The  matrix  multiplication  required  to  evaluate  Eq.  (A~l8)  is 
straightforward,  but  takes  a  lot  of  space.  Hence  only  the  result  is 
shown,  and  only  for  K  =  0  .  Leaving  the  multiplications  by  l  and  l 

until  last,  we  get 


ita,  j§  -  HI 


i,\>> 

3B  tb  s 


A  similar  set  of  results  could  be  derived  for  K  /  0  ,  but  since  they 
are  not  really  used  in  the  main  body  of  the  report,  the  space  is  not 
taken  here. 

Finally,  Eq.  (A-l8)  may  be  evaluated. 


-  ^Mk~V|  -  fit1 


Further  simplification  is  obtained  if  the  upper  right  hand  comer  of  Tfi 
is  defined  as  a  new  matrix  m  .  The  result  is 
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I.  Introduction 


The  problem  of  single  frequency  wave  propagation  in  a  weakly 
inhomogeneous  medium  has  been  considered  at  length  by  Chernov. ^ ' 

The  results  that  are  applicable  for  this  report  are  found  mainly  in 
Chapters  V  and  VI  of  Reference  (l).  Chernov  assumes  perturbed  plane 
wave  propagation  through  a  medium  in  which  the  refractive  index 
fluctuates  in  a  random  isotropic  fashion  throughout  the  medium. 

He  develops  expressions  for  the  correlation  of  the  amplitude  and 
phase  fluctuations  of  the  scattered  wave  at  different  points  in  the 
medium. 

(2 ) 

Recently  Lordv  '  has  applied  Chernov's  results  to  the  determination 

of  the  bearing  uncertainty  for  a  discrete  linear  difference  array 

receiving  a  single-frequency  signal. 

In  this  report  Chernov's  results  are  applied  to  the  operation  of 

a  split-beam  system  of  transducers  identical  to  that  considered  in 

(3 ) 

Progress  Report  No.  9.  The  bearing  uncertainty  due  to  the 
scattering  of  a  single  frequency  plane-wave  signal  is  derived.  It 
would  be  desirable  to  derive  the  bearing  uncertainty  for  a  wide-band 
random  signal,  but  the  analysis  poses  some  difficulties.  It  will  be 
seen  in  the  following  sections  that  tho  variance  of  the  propagation 
time  through  the  medium  is  not  a  function  of  frequency,  but  there  is 
no  assurance  that  the  exact  values  of  the  time  delays  for  all 
frequencies  are  precisely  tne  same,  or  even  show  correlation  over  a 
reasonable  band  of  frequencies.  Possibly  further  study  of  Chernov's 
work  could  resolve  tills  question.  However,  the  results  for  wids-band 
signals  should  be  no  worse  than  those  for  single -frequency  signals. 
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(9 
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II,  Review  of  Results  from  Chernov 

Chernov  assumes  a  single  frequency  plane  wave  for  the  acoustic 
pressure  of  the  form  in  Eq,  (l)  propagating  through  a  medium  in 
which  the  refractive  index  varies  in  a  random  fashion  about  a  mean 


value , 


P+j  y 


p(t)  =  pQ(t)  e  -  pQ(t)  e 


In  Eq,  (1)  p  and  y  are  the  amplitude  and  phase  fluctuations  respectively, 
and  p  (t)  is  the  plane  wave  solution  in  a  homogeneous  medium,  given  by 


Eq.  (2). 


P0(t)  =  e 


-o(wt-kr)  ..jwjt-^) 


The  variances  of  the  phase  and  amplitude  fluctuations  are  given 
in  Eqs,  (3 )  and  (it). 

(y2)  =  - - ^  ar(l  +  i  arc  tan  D) 


1/2  ,  o  2  , 

»  /.,2\  w  n»r-i  1 


p  ^  ~2  ar(l  -  jJ-  arctan  D) 


(ka  »  1 ) 


In  Eqs.  (3)  and  (h)  ^p2)  is  the  variance  of  the  refractive  index  and 
a  is  the  correlation  distance  for  the  fluctuations  of  the  refractive 
index.  For  the  derivation  of  Eqs.  (3)  and  (h),  the  correlation 
function  for  the  fluctuations  of  the  refractive  index  at  two  different 
points  in  space  is  assumed  to  have  the  form 


S 
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S2  *  t,2  ^ 

-  2 

(^1  H2)  =  <^2)  e  8  (5) 

r 

where  £,  r|  ,  and^  are  the  differences  of  the  coordinates  for  each  of  the 
two  points.  Also,  the  wave  parameter  D  in  Eqs.  (3)  and  (b)  is  given  by 


iir  iir  1 

,2  a  ’  ka 

ka 


(6) 


The  normalized  cross-correlation  between  amplitude  and  phase  at  the 
same  point  in  the  medium  is  found  to  be 


1  ln(l  +  D2) 

2  ./-p - ? 

v  D  - (arctan  D) 


For  D  »  1  Eq.  (7)  becomes 


■— jy-  — ^0  (9) 

The  problem  of  evaluating  the  autocorrelation  between  the  amplitude 
fluctuations  and  the  phase  fluctuations  at  to  different  points  in  the 
medium  is  divided  into  two  distinctly  different  parts.  First  the 
autocorrelation  is  evaluated  for  the  situation  in  which  the  two  points 
are  located  in  line  with  the  path  of  propagation.  The  normalized 
longitudinal  autocorrelation  for  amplitude  and  phase  is  given  by 


•Sl,2 


yiy2 


(h  B?)  (yl  7 2) 


1  + 


2Ar 

r? 

ka  / 


a  »  it 

1 

ka  »  1  j 


1 


(9) 


where  Ar  is  the  separation  of  the  two  points. 


Next,  the  autocorrelation  is  evaluated  for  the  situation  in  which 
the  two  points  are  located  along  a  line  perpendicular  to  the  path  of 
pronagation.  The  normalized  transverse  autocorrelation  functions  are 


In  q-  1  i_ 

D  2  1  D  2 

L  a 


1  -  g  arctan  D 


a  1  n 

6  +  U  1 


1  l2 

51 

a 


1  +  p  arctan  D 


If  D  is  very  large, 


for  ka  »  1 
D  >  1 


In  Eqs.  (10 ),  (ll)  and  (12),  l  is  the  separation  of  the  two  points. 
Note  that  the  longitudinal  correlation  is  high  over  a  distance 


*  ^  ka 

Ar  <  —  •  a 


which  is  much  larger  than  the  distance  l  <  a  over  which  the  transverse 
correlation  is  high. 

Values  for  a,  c,  and  (p.2)  to  be  used  in  this  report  are; 

a  “  2  ft.  (from  Chernov) 
c  =  5000  ft/sec 

=■  5)(  lO"9  (from  Chernov) 
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HI,  Response  of  a  Split  Beam  System 

In  this  section  the  results  of  Section  II  are  utilized  in  the  analysis 

of  the  split-beam  system  shown  in  Fig.  1. 
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Figure  1  Typical  Split-Beam  System 


The  assumptions 
Progress  Report  No, 
In  Eq,  (13  )• 


concerning  noise  properties  ere  the  seme  es  those  in 
9,  The  signal  from  the  i^'1  transducer  is  expressed 


si(t)  ■»  Re  <, 


A  e 


-j  [ut  -  (i-1  )<&  - 


(13) 


In  Eq.  (13)  A  is  the  complex  number  representing  the  magnitude  and  initial 
phase  of  the  unperturbed  pave  at  the  first  transducer,  T  is  the  time  delay 


of  the  unperturbed  wave  between  adjacent  transducers.  The  function  \jn 
is  the  complex  random  fluctuation  of  amplitude  and  phase  defined  in 
Eq.  (1). 
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The  outputs  of  the  summing  amplifiers  in  Fig.  1  are 
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^  ■  £ 


i=l 


-j[wt-  (i-l)off 

>+  n±(t ) 

Re  ( 

A  6 

**  / 

_ 

(14/ 
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.<*>  •  £ 


k=l 


Re  < 

-j[<at-(k  +  M-l)aff-* k+J 
A  e 

'+  VM(t) 

(15) 


The  average  value  of  the  output  of  the  multiplier  is  given  by 


(3) 


y  =  -  arcsm 


R  (0) 

W 


R  (0)  R  (0)\1/2 


x 


*B 


J 


(16) 


For  low  signal-to-noise  ratios  at  the  transducers,  the  values  of  R  (0)  and 

XA 


R  (0)  depend  on  the  noise  parameters  only,  and  R  (0)  depends  on  the 

xe 


XA*B 


signal  parameters  only. 

The  "on  target"  null  response  of  the  array  is  thus  determined  solely 

by  R  (0),  and  for  this  reason  the  cross-correlation  function  receives 
XA-XD 

our  attention.  In  the  following  analysis  the  overbar  indicates  averaging 
over  the  time  variable,  and  the  brackets  (  )  indicate  averaging  over  the 


space  variables.  The  functions  xA(t)  and  Xg(t)  are 


ssasws,  Puggs 
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*A(t)  =  ^  Re  <A  HA(j«)  e 


-j  [tab  -  (i-l)dT  -fj 


+  ^'(t)  (1?) 


vt)aE 


Re  <  A  Hfi( jo>)  e 


-j[<*-(k+H-l)a(P-t.  J 


Vm  <-t-> 


The  crosscorrelation  between  x  (t)  and  xn(t )  is 

A  D 


R  (0)  «  x.l 

w  A 


M  M 


i=l  k=l 


£  y  ReA  HA{jco)  6 


-j  [«t  -  (i-1  )ftff  -  |.l  j  [oat- (lc+M-l)  dT-^. 

*  A*)St  Jv* 


Since  H.(jca)  =  ju  H  (jco)  ,  Eq.  (19 )  siinpli'l  >s  to 


MM  23+0 

y«)  -  £  E|avH  “el  M sinVM -  vi*  (k+M-i)“!r 

i=l  k=l 


Note  that  R  (0)  is  still  a  random  variable  involving  the  space 

xa*b 

coordinates. 

As  might  be  expected,  for  T  =  0  ,  if  (3  and  y  are  independent, 


R  (0)  \  =  0 

\x^  J 


'Bi +  ^k+M  ,  \  /h  *  ^k+M)  /,  / 

Sin(yk+M  "yi)/  "  V  /Vin(YK 


yiV  =0 


because 
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In  order  to  make  further  deductions  from  Eq.  (20)  and  to  justify 
Eq.  (21),  it  is  necessary  to  consider  the  values  of  some  of  the  parameters 
reviewed  in  Section  II.  It  is  desirable  to  have  the  parameter  D  »  1  , 
in  order  to  simplify  analysis.  From  Eq,  (6)  it  can  be  seen  that  D  takes 
on  its  minimum  value  when  range  r  is  minimum  and  the  upper  processing 
frequency  is  highest.  For  D  >  100  the  following  relation  holds  between 
range  and  frequency.  Range  is  given  in  kiloyards. 


WWOrlc.  >  1Q0 

to  a^ 


r  > 


co 


150,000 


(22) 


From  Table  (l)  in  Report  9  the  upper  half -power  frequencies  are 
listed  for  optimum  processing  as  a  function  of  range.  From  this  table 


-1/2 


co  =  210,000  r 
upper  ’ 


The  simultaneous  solution  of  Eqs.  (22)  and  (23)  gives 


(23) 


r  > 


-IPwPPP)  ^  =  is25  kyd.  for  D  >  100 


\  150, 000 


I 


(2h) 


Detection  for  ranges  less  than  1.25  kyd  should  not  pose  6lgnifloant 
problems . 

The  upper  limit  on  the  normalized  correlation  between  the  p  and  y 
components  of  the  complex  \)c  function  is  found  from  Eq.  (8). 


R  <  iil—PP  .  .01,6  for  D  >  100  (25) 

^  100 

jilso  inherent  in  the  analysis  is  the  assumption  of  forward  scattering 


for  which  ka  >  1  . 


Thus 


<o  >  ~  =  2500  rad/sec. 


F~  9 


(26) 


From  Table  1,  Report  9,  the  lower  half  power  points  for  the  optimum  filter 
are  found  from  the  relation 


“^Lower 


000  r 


■1/2 


(27) 


Thus  the  upper  bound  on  range  for  which  the  assumptions  are  reasonably 
valid  is 


63,000 

2500 


630  kyd 


f*r 


ka  >  1 


(28) 


The  maximum  values  of  the  variances  for  y  and  B  are  also  of  interest 
for  the  condition  of  optimum  filtering.  Combining  Eq.  (23)  with  Eqs.  (3) 
and  (U ),  we  have 


T  ^  „  nl/2  T  (210, 
v  =  8  <  -  u.  l 


0 00  r 


-1/2 )  o 

a (3000  r)  «  lj.7  X  10 


(29) 


Actually,  the  above  result  should  be  equally  valid  for  any  filter  function, 
since  the  upper  cutoff  frequency  for  the  optimum  filter  is  closely  related 
to  th  cutoff  frequency  for  the  signal  spectrum. 

IV.  Bearing  Uncertainty 

Two  attacks  are  possible  for  determining  the  bearing  uncertainty. 
First,  the  square  of  the  cross-correlation  function  for  T  =  0  in  Eq,  (20) 
is  averaged  over  the  space  coordinates. 


r 

A  H0(jw) 
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M  M  M  M 

i2  E  E  E  E 
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+  p 


q«M 


iln(vk-K-yi)  5ln<Vq. 


(30) 
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Since  the  mean  square  values  of  3  and  y  are  small,  Eq.  (30)  reduces  to 
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(31) 


Next,  the  derivative  of  R  with  respect  to  T  is  evaluated  at  T  =■  0 
and  averaged  over  the  space  coordinates. 
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(32) 


The  bearing  uncertainty  is  defined  in  Eq.  (33)  (by  analogy  from  Eq. 
(31),  Report  No.  9). 
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(33) 


From  Eqs.  (3),  (h),  ~nd  (12)  and  the  array  geometry  we  can  specify  the 
values  o.f  the  individual  terms  in  Eq.  (31). 
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(35) 


Combination  of  the  results  in  Eqs.  (31)  through  (35)  yields 
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(36) 


Transverse  autocorrelations  are  used  because  the  average  wavefront  is 
parallel  to  the  line  of  the  array. 

The  expansion  of  the  series  in  Eq,  (36)  yields 


°0  = 


1/2  /  2\  )ly2  r1/2 

n  W a)  TOJ 


1  + 


2  - 


R(1)M2~M  R(2 ) 


R"1  R 
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(37) 


Only  the  first  few  terms  of  the  series  in  Eq.  (37)  have  significant  value, 

since  the  value  of  the  normalized  autocorrelation  approaches  zero  very 

rapidly  with  increasing  argument, 

2 

Since  there  are  M  termo  in  both  double  series  of  Eq.  (36),  the 
bearing  uncertainty  satisfies  the  following  inequality,  in  which  the 


constant  K  is  ecual  to 


1/2  /  L'\ 
n  '  \P  /  a 
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An  alternate  approach  for  evaluating  the  bearing  uncertainty 
involves  solving  for  the  time  delay  from  Sq.  (20)  which  yields  a  null 
response. 


M  M 


£  E  - 
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(39) 


(Uo) 


The  time  delay  for  null  response  is  now  a  random  variable  over  the  space 
coordinates. 

Since  T  =  0  for  small  angles,  the  bearing  uncertainty  can  be 


directly  related  to  the  standard  deviation  of  T 


°o  ■  3  (w) 
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a)  H  (Hd ) 


(Ui) 


Simplification  of  Eq.  (hi)  yields  a  result  identical  to  that  in  Eq.  (33). 
V,  Numerical  Examples 

Two  numerical  examples  .re  chosen  for  which  the  bearing  uncertainty 
is  calculated.  For  both  cases 


n^iFy  aj  ^  1- 33X  ft1^ 


3 


F  -13 


For  the  first  example,  M  =  1  ,  d  =  200  ft  and  r  =  30,000  ft 
or  10  kyd.  From  Eq.  (35) 

„  .  ujxio-^ i»r  (1 . 0) .  rcd. 


6.6X10  degrees 


For  the  second  example,  M  =  2 5  j  d  =  2  ft  and  r  =  30,000  ft 


or  10  kyd. 


_  _  ,  „v^-k  (30,000 )1/2  r,  ,  In  3\_-l  .  L  6)  _~h  . 

on  --  1.33X10  - TFT" -  1  +  K  “  0?  E  +  ~  7TET  e  +** 

°2  25J/2(^0)  1  25/  25/ 


14.85X10"^  rad  =  2.8X10*"^  degrees 


VI.  Conclusions 
‘ 

The  numerical  results  in  Section  V  show  that  the  bearing  uncertainties 
introduced  by  scattering  in  the  mejiium  are  extremely  small.  It  is 
possible  that  the  assumed  value  cf|  )  is  too  small,  but  the  value  of 
(|i“  would  have  to  be  several  orders  of  magnitude  larger  in  order  to 
have  calculated  results  agree  with  the  bearing  errors  for  actual 
situations.  This  alternative  seems  unlikely. 

(2) 

The  transducer  configuration  lender-’ bed  in  Lord's  analysis  has 


exactly  the  same  geometry  ns  the  dne  in  this  report,  but  the  assumed 
method  of  processing  the  transducer  outputs  is  different  than  the 
method  analysed  here.  His  results  are  expressed  in  the  following 


equation,  usii\,  the  symbols  defined  in  this  report. 


a 


F-  111 


aQ  -  l 2n 


VV>‘ 


1/2  1-/2 


M(Md) 


M  M 

l  Svd 

i=l  pal 


M  M 

e>: 

i=l  lc=l 


R 


(lc+M-i ) 


1/2 


His  results  are  greater  than  the  results  in  Eq.  (36)  by  a  factor 
of  2^M.  The  2^^  arises  from  the  fact  that  the  bearing  uncertainty 


deponds  on 


kn ,  /  °v  1  /  OV 

8^)  +  \y£'/|  and  not  just  /,  and  the  factor  M  apparently 


arises  from  the  processing  method. 
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I .  Introduction 


This  report  deals  with  the  problem  of  finding  an  approximation  to 
optimum  receiver  for  the  detection  of  a  signal  of  unknown  frequency 


in  gaussian  noise. 

It  is  well  known  that  the  likelihood  ratio  (LR)  detector  is  the 
optimum  processor  for  the  detection  of  a  signal  in  random  noise.  When 
the  desired  signal  is  a  function  of  certain  unknown  parameters,  the  LR 
must  be  averaged  over  all  possible  values  of  the  unknown  parameters. 
This  averaged  LR,  considered  as  a  function  of  the  received  signal  v(t), 
specifies  the  operations  which  the  optimum  detector  must  perform  on 
v(t),  that  is,  the  form  of  the  optimum  detector.  In  most  cases  of 
practical  interest,  however,  the  averaging  of  the  LR  cannot  be  carried 
out  in  closed  form. 

In  such  cases  the  averaged  LR,  or  some  monotonic  function  of  the 
averaged  LR,  is  obtained  in  the  form  of  a  power  series  involving  linear, 
quadratic,  and  higher  order  operations  on  v(t).  A  satisfactory 
approximation  to  the  form  of  the  optimum  detector  may  then  be  obtained 
from  the  lowest  order  term  in  tha  power  series  expansion,  if  it  is 
assumed  that  higher  order  terms  in  the  series  can  safely  be  neglected. 
Thi3  assumption  is  the  subject  of  this  report. 

Optimum  detection  is  generally  considered  for  cases  in  which  weak 
or  threshold  signals  are  to  be  enhanced  to  a  detectable  level  by  long 
processing  time.  In  these  cases,  higher  order  terms  in  the  power  series 
for  the  detector  operations  are  usually  neglected  on  the  basis  of  low 


G  -1 
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pre-detection  signal-to-noise  ratio  (SNR ).^  It  is  the  object  of  this 
report  to  show  that  for  certain  cases  this  is  not  sufficient  grounds 
for  dropping  all  higher-order  terms.  It  will  be  shown  that  a  low 
pre-detection  SNR  can  be  offset  by  long  post-detection  integration  time, 
and  certain  higher-order  terms  in  the  power  series  can  thereby  be  made 
appreciable  with  respect  to  the  lowest-order  term. 

Three  signal  cases  are  considered: 

1)  A  broadband  gaussian  stocnastic  signal  whose  spectral 
density  is  flat  over  a  band  of  width  &  rad/sec. 

2)  A  narrowband  gaussian  stochastic  signal  with  bandwidth 

rad/sec  and  center  frequency  rad/sec.  Here  w  is 

c  c 

equally  likely  to  lie  anywhere  in  the  band  ft,  and  ft^  is 
assumed  to  be  much  smaller  than  ft. 

3)  A  steady  sinusoid  of  unknown  frequency  and  phase,  lying 
anywhere  in  the  band  ft  with  uniform  probability. 

For  each  of  the  three  cases,  the  noise  is  assumed  to  be  gaussian  and 
spect'.'ally  flat  over  the  band  ft. 

2 

Case  3)  is  seen  to  be  the  problem  treated  in  Progress  Report  No.  8. 
Here  we  shall  see  that  the  assumption  made  on  page  £  of  that  report  can 
be  inaccurate  for  long  post-detection  integration  time,  in  spite  of 
a  low  pre-detection  SNR. 

"*fSee,  for  example,  Middleton,1  discussion  on  p.  821. 
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II.  Power  Series  Expansion  for  LR  Detection 

Here  we  shall  derive  the  power  series  expansion  which  prescribes 
the  operations  to  be  performed  on  the  received  signal  by  the  optimum 
detector.  The  symbols  and  conventions  used  here  will  in  general 
conform  to  those  used  in  Progress  Report  No.  8.  The  reader  may  refer 
to  Section  n  of  that  report  for  a  discussion  of  the  basic  assumptions 
and  for  other  commenl  ertinent  to  this  derivation. 

The  received  signal,  in  the  form  of  a  vector  of  time  samples,  is 

v  =  s  •!•  n  (l) 


where  s  is  the  "desired  signal"  and  n  is  the  noise.  When  the  noise  is 
gaussian  with  zero  mean  and  covariance  matrix  K,  the  averaged  LR  is 
given  by 


&  ( v )  =  /exp|-  \  s 'K_1s  +  a  ,K~1v|\ 


(2) 


where  (  )  indicates  a  statistical  average  over  the  unknown  signal 

' 's 


parameters.  At  this  point  we  shall  restrict  ourselves  to  the  consideration 
of  white  noise  backgrounds,  in  which  case  the  noise  covariance  matrix  is 
diagonal.  In  this  case  the  first  quadratic  form  in  the  exponent  in 
Eq.  (l)  becomes 


(3) 


where  N  is  the  variance  of  the  noise,  is  a  sample  of  the  desired  signal 
at  the  time  instant  t^,  and  n  is  the  total  number  of  time  samples.  The 
summation  in  Eq,  (3)  is  seen  to  be  proportional  to  the  total  energy 
content  of  the  desired  signal  during  the  observation  time  of  the  signal. 


r 
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Since  we  shall  only  be  concerned  with  frequency  and  phase  as  unknown 
signal  parameters,  the  summation  in  Eq.  (3)  will  be  unaffected  by  the 

averaging  operation  (  )  .  From  tris  argument,  then,  we  can  rewrite 

N  S 

Eq.  (2)  as 


£(v)  =  expj-  ^  sMT^sJ  ^xp  (s'K^v)^ 


(b) 


Using  a  power  series  expansion  for  the  exponential,  we  have 

/ 


l{y)  =*  expj-  ^  s'K^s  ^1  +  (s'K^v)  +  757  (sUp^'v)  +  jp  (s'K^v)  +  , 


We  shall  be  dealing  with  cases  of  "incoherent"  signals  (in  the 
sense  of  Section  II  of  the  aforementioned  report)  in  which  the  odd 
powers  of  a 'K~^v  go  to  zero  in  the  averaging  operation  ^  ^  .  The 
averaged  LR  thus  becomes 


£(v)  n  exp 


1  -1 

7  £'£  £ 


(l  +  (s'K-1!)2  +  TJ  + 


We  now  take  log  ^(v)  as  the  test  statistic  in  the  optimum  detector: 


log  i(v)  -  -  \  s'K^s  +  ~  Us'K'M 


+  ft  -  H 


+  0(s6) 


Equation  (7)  is  exact  through  0(sj, 
symbol  ^  )  will  imply  (  )  ^  • 


($) 


(6) 


(7) 


I 


ss 


I 


In  Eq,  (7)  and  hereafter,  the 


Bsssasats  tni« 
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III,  Deflections  of  Terms  in  the  Power  Series 

In  any  specific  detection  problem  we  would  want  to  approximate  the 
operation  of  the  detector  by  one  or  more  of  the  terns  in  Eq,  (7)  involving 
the  received  signal  v.  The  contributions  of  the  various  higher-order 
terms  to  log  ^(v)  could  then  be  neglected  or  replaced  by  suitable 
bias  terms. 

In  order  to  justify  such  approximations,  however,  we  must  examine 
the  changes  in  the  various  terms  in  going  from  the  "noise -only" 
condition  to  the  "signal -plus-noise"  condition.  Here  we  shall  calculate 
the  change  in  the  average  values  of  the  terms.  For  convenience  this 
change  will  be  called  a  deflection  and  will  be  denoted  by  AE^  j. 

In  particular,  the  following  deflections  will  be  obtained  in  general 
.'orm: 


These  two  deflections  will  then  be  evaluated  for  the  three  signal  cases 
outlined  in  Section  I. 

For  future  reference,  we  shall  also  obtain 


This  term  is  the  most  significant  term  in  O(s^). 
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Deflection  of  0(s  ) 


We  note  that 


(s'K^v)  J  »  (W-1s  s'K^v) 

=  v'lf1  <^s  s')  K"1v 

a  v1  G  V 

2S  . 

i  n  a  m  * 


m  L- ..  .  i  Ua  <4  /\  w\  A  ^  A  /  rt  \  IJ  fTl  v% 

iUUD  Uiio  Ox  o^w»  /  xw  5*v:»ii 


AE 


0(s2) 


E 


'S+N 


iv'Ov 


Jv'Gv 


The  first  average  gives 


E 


S+N 


iv'Gv 


J  /(s  1  +  n1 )  G(s  +  n)\ 

*  \“  “  “  “  “'S+N 

K5'  5l)S+(-  5^M  +  Ka'5a), 

I E  E  (si  aj),  +  ?  E  E  kij  si; 

i  j  b  i  J 

i  tr  (K  G)2  +  J  tr  K  5 


The  second  average  in  Eq.  (12)  gives 


|  v1  G  v 


■  K2’  -  i 


tr  K  G 


Thus 


r 

r  .  n 

AE 

CM 

o 

-  \  tr  (K  ff)2 

(11) 


(12) 


(13) 


(1U) 


(15) 


^Sia&fc&s  AJEfe&tMs  UiH-jaghu 
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reflection  of  0(s4) 


We  will  now  calculate  AE 


0(s 


The  derivation  can  be  simplified 


by  noting  that  the  average  Eg+^  J  contains  SXS  terms,  S/N  terms 
and  NXN  terms,  and  that  the  NXN  terms  drop  out  by  subtraction  in 
calculating  the  deflection.  Thus  we  need  only  calculate  the  SXS 
and  SXN  terms.  From  Eas,  (9)  and  (ll), 


-jjt  ((v'G  v)2\  -  3  (v*  2  if 


AE 

0(3^) 

=  AE 

- 

where 


G  =  K-1s  s'K“X 


The  deflection  is  calculated  as  follows; 

S  S  N 


AE 


0(7*) 


■  (s'  0  7?  +  6  (s'  G  s)  (n1  0  n) 


1 

B 


S+N 


N 


(s'  G  s  f  +  h  (s  i  G  nf  +  2  (s’  G  s)  (n’  G  n) 


ji-/tr2(s  s'  G)  +  6  tr  s 2. 


tr  'X  G ) 


1 

B 


tr2(s  s>  G)  +  h  tr  (K  G)3  +  2  tr  (K  G  f  tr  (K  G) 


Equation  (18)  can  be  simplified  by  noting  again  that  we  shall  be 
considering  only  white  noise  backgrounds,  for  which  K  =  N  I  .  Thus, 


6  tr 


i  i')  2 


tr  (K  G) 


6 


/  n 


tr 


5  S  1 


'  i-1 


(16) 


(17) 


(18) 


(19) 
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Again  noting  that  the  averaging  over  frequency  and  phase  will  not  affect 
the  summation,  which  is  proportional  to  the  total  energy  in  the  desired 
signal,  we  can  write 


6  tr  (i  £')  Gj  tr  (K  Gy  ■=  ^6  tr  j<^s  s'j  Gj|tr  (K  0) 

=  6  trj^s  s  G  |  tr  (KG) 


■»  6  tr  (K  G  f  tr  (K  G ) 


and  now 


AEIO(s^) 


tr2(s 


~  ^  tr2 (a  s 1  G )  -  ^  tr  (KG)' 


Finally  we  make  use  of  the  following  matrix  relationship.  If 
matrices  A  and  B  are  square  and  of  the  same  order,  and  either  A  or  B  is 
the  tensor  product  of  a  vector  with  itself,  then 

trn(A  B)  =■  tr  (A  B)n  (22) 


(The  proaf  of  this  statement  is  found  in  Appendix  A. )  In  this  case  (s  s 1 ) 
is  such  a  tensor  product  and  we  can  write 


S 

The  average  )  applies  to  matrices  G,  and  the  overllne  average, 


applies  to  matrices  (s  s1). 
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Broadband  White  Noise 

We  shall  consider  only  cases  of  broadband  white  noise  with  variance  N. 
For  such  a  case, 


Using  Eqs,  (2ij)  we  have 


Thus 


AE 

0(s2) 

<■  \  tr  (K  G)2 

tr/a  s'\ 

2N  V  “  ' 

AE 

0(s2) 

E(si  b)2 

i  i 

- v - 

(25) 


Similarly 
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o{ah) 


£/s  EE  wTvV^ 

U  n“  Yy  3k33 


i  S1  S. 

k  k  h 
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- \  EE  E'  E  V,  V.  (s  3  \  V  V.  /s  s.  ) 

8T  h  i  1  k  h  1  '  1  3  k  N  k  h/ 


■  tb  ?  ?  ?  (si  °i>  (si  (sk  si) 


2N  i  j  k 


(26) 
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AE  0(3**)  =  — i-r  E  E  E  E  (s 

L  '  J  ill  N4  h  i  j  k  \ 


s,  s.  s,  s, 

,  h  x  j  k 


- V  E  E  E  E  <4  a.  s.  s,  \  <s.  s  \  /s  s,  \ 

8rhijk\hl:)k/^l;5/\kh/ 

.  1  E  £  E  Es.  «  \  /at  a  J)  <s.  s.) 

2NJ  I  j  k  '  1  J/  '  J  k/  S  k  X' 

All  the  summations  are  from  1  to  n,  the  total  number  of  time  samples. 
We  will  also  calculate  the  average  Eg  ({s  !K~Er )^)j  .  This 


quantity  is  the  most  significant  term  in  AE 


calculation  of  AE 


Es  h  ((- -~1^) )  =  sy(^'  -  -)3) 

■  17?  ( h  ?  5  ?  55  VW 


0(s6)‘ 


[o(s6)  ; 


the  complete 


will  not  be  carried  out  here. 


ES  is  ■  7T^  ?!•??? 


3.  3.,  3  .  3.  8.3 


7T3  ^  •  T7  7  \  h  -i  aj  “k  l  n 

6!  N  h  l  j  k  *  m  \  J  * 


The  three  specific  signal  cases  outlined  in  Section  I  will  now  be 
considered  in  the  following  three  sections. 


K 


we  write  finally 
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Since  FL  is  the  pre-detection  or  "input"  SNR,  the  deflection  of  the 

2 

0(s  )  terms  in  this  case  is  seen  to  be  the  square  of  the  input  SNR 
times  the  observation  time,  normalized  with  respect  to  the  inverse  of 
the  bandwidth. 

Now  the  deflection  of  0(_s^)  is  calculated  using  Eq,  (27).  If  the 
signal  is  a  gaussian  random  process, 


,  S.  s.  s. 
h  i  j  k 


S,  S  .  )  (S  .  S,  \  +  /s,  s  .  \  (s .  s,\ 
h  i/\J  k  /  \  h  j/\  l  k/ 


+  (  S,  s. 


h  ak) 


(si  sd) 


Thus 

AE 


O(s^) 


(35) 


1  V  ?  ?  )' 

- r  U  La  U  U 

U'  N4  h  i  j  k 


1  V  ? 

l4  h  i  j  k 


3  (Vi)2(Yk)2  *  5(sh3l)(S3Sk)(Vj)(sl8k) 


'v/\Vh)2  *  2(Vd)(sjsk)(3i33)(Vh) 


~3  ?  ?  ?  <Vj)  (8jsk)  (Vi) 


(36) 


2N  i  j  k 


If  the  signal  spectrum  is  white  with  total  average  power  A  /2, 

.6 


AE 


0(3^) 


16N 


3 


8N  3S3 


J  T 


<md  thus 


AE 

0(s^ ) 

E-h 

l-o 

rr\ 

«’ 

1 

II 

1  - 

(37) 
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It  is  of  interest  to  compare  this  result  with  Eq.  (3I4),  If  is 

much  smaller  than  unity,  the  deflection  of  O(s^)  may  be  considered 

2 

negligible  with  respect  to  the  deflection  of  0(s  ). 

V,  Narrowband  Gaussian  Signal 

In  this  section  the  desired  signal  is  assumed  to  be  a  narrowband 

2 

gaussian  random  process  with  total  average  power  A  /2,  bandwidth  ad/sec, 

and  center  frequency  <0  rad/sec,  where  co  may  lie  anywhere  in  a  frequency 

c  c 

band  9  rad/sec  wide.  For  simplicity,  the  signal  spectrum  is  assumed  to 
be  flat  over  and  the  p,d,f;  for  «  flat  over  9,  These  relationships 
are  indicated  in  Fig.  1.  The  center  frequency  of  the  ft-band  is  o)q. 


Figure  1 


The  a.c.f.  of  the  signal,  a  .function  of  w  ,  is 


Rg(ti  -  t  )  =  -2-  sine  Jb(ti  -  t.)  cos  -  tj) 


(30) 


where 


sine  x  = 


sin  x 


nx 


and 


2n 
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Averaging  the  right  side  01  Eq.  (38)  with  respect  to  the  p.d.f,  of 


co  over  the  £-band.  vie  have 
c  ’ 


(a2  ] 

(l  £')  =  jy  sinc  ^b^i  “  V  Sin°  ~  cos  “0^i  ~ 

(39) 


From  Eq,  (25), 


AE 


0(s2) 


8N 


^^sinc2  Jb(ti  -  t^)  sine2  |(t±  -  t^)  cos  -  t  ) 

(ljO) 


As  an  approximation,  for  <oq  »  £  and  co^T  »  1  ,  we  replace 


2  q 

cos  co  (t.  ~  t  )  by  its  average  value,  ■*, 

Ol.l  c. 


and 


AE 


0(s2) 


16N£ 


EE  sine2  IiA  -  t ^  )  sinc  2J(ti-tj)  (hi) 


1  1 


The  double  summation  is  then  replaced  by  a  double  integration 

T  T 


AE 


0(s2) 


A^  (  5^ 
16?  ji2 


I  2  T  d. 

dt  do  sine  (ft  (t  -  a)  sinc  ])(t  -  a) 


hN  V  / 

0  Jr\ 


0  0 
£T  Jt 

f 


2  2 
dx  I  dy  sinc  b(x  -  y)  sinc  (x  -  y) 


(1*2). 


where 


I 


If  the  integration  time  is  long  with  respect  to  the  inverse  of  the 
signal  bandwidth  and  the  signal  bandwidth  is  narrow  with  respect  to  the 
overall  band  of  frequency  uncertainty,  that  is,  j)T  »  |i  T  »  1  , 
then  a  reasonable  further  approximation  is 


AE 


0(s2) 


ilN  CS2' 
0 


It 


or 


0*3) 


The  calculation  of  AE  jo(£^)]  for  ais  signal  case  is  considerably 
more  involved  than  f jr  the  broadband  s  al  case  considered  in  Section  IV  j 
therefore  only  the  final  result  will  be  presented  here,  the  details  of 
the  calculation  being  left  to  Appendix  B. 

Again  assuming  that  the  signal  is  very  narrowband  and  that  the 
integration  time  is  long,  that  is,  »  (J)  T  »  1  ,  the  work  of 
Appendix  B  shows  that 


AE 


0(sU) 


1  „  It 

15  Rl 


I  (fT)£ 


(in 


1  R  It 

2  Ri 


V'3  T) 


(bb) 


On  comparing  Eq.  (I4I1 )  with  Eq.  (1*3)  it  is  seen  that  Ae|o(s^)J 

r  2  1 

depends  upon  a  higher  povjer  of  the  input  SNR  than  does  AE  0(s  )L  as 
was  true  in  the  broadband  gaussian  signal  case.  However,  while 
0(s2  )j  depends  linearly  upon  integration  time, 


AE 


AE 


0(shj 


contains 


terms  which  grow  as  the  square  of  integration  time.  We  see  tnerefore 
that  for  any  value  of  R^,  however  small,  the  magnitude  of  the  deflection 
of  0(sa)  can  be  made  equal  to  or  greater  than  that  of  0(s  )  by  making 


the  integration  time  sufficiently  long. 


Example 


As  an  example,  let  R^  =  ,1  and  b  =  .1  ,  From  Eqs,  (143)  and  (UU ), 

Ae|o(s2)]  3'  (.01)  $T 
AE  jo ( s ^ )J  ~  (.0003)($T)*  +  (.001*)  3>t 
If  we  let  |T>=  100  ,  we  have 


And  if  Jr  =  200  , 

AE^0(s2)]  =  2.0 
AE  jo(s^)J  =12,8 

We  see  therefore  that  for  this  case  of  a  narrowband  gaussian  signal 
whose  center  frequency  is  uncertain  over  a  wider  frequency  band,  terms 
0(s^)  and  terns  of  higher  order  ^.n  Eq,  (7)  cannot  be  considered 
negligible  simply  on  the  basis  of  low  input  SNR.  Such  an  approximation 
might  be  highly  inaccurate  if  the  post-detection  integration  time  is 
long,  as  required  in  threshold  situations. 
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VI.  Sinusoid  of  Unknown  Frequency  and  Phase 

Here  we  assume  that  the  desired  signal  is  a  sinusoid  whose  amplitude 
is  constant  over  the  observation  time  of  the  received  signal.  The  phase 
of  the  sinusoid  is  unknown  and  its  frequency  is  known  only  to  lie  within 
a  frequency  band  Q,  rad/sec  wide,  For  convenience,  the  phase  and  frequency 
are  assumed  to  have  uniform  p.d.f.  *s  over  0,2n  and  over  the  ft-band, 
respectively. 

This  case  can  be  treated  as  a  limiting  form  of  the  narrowband  signal 

case  considered  in  Section  V  if  we  let  the  signal  bandwidth  £b - ^0  . 

If  Ib  is  vanishingly  small,  the  sinusoid  vail  have  a  constant  amplitude 
over  any  single  observation  interval,  and  the  amplitude  will  hav8  a 
Rayleigh  p.d.f.  over  the  ensemble  of  all  such  observation  intervals. 

2 

The  total  signal  power,  iveragod  statistically  over  the  ensemble,  is  A  /2  . 
It  can  easily  be  shown  that  the  sinusoid  will  have  an  r.m.s.  amplitude  Aj 
therefore  through  second-order  statistics  (in  s),  this  case  is  identical 
to  that  considered  in  Progress  Report  No.  8. 

From  Eq„  (39),  if  $b~ >  0  , 

^s  s ^  sine  £  (t^  -  tj )  cos  uQ(t±  -  ri)j  (hS) 


Letting  b — >0  in  Eq,  (h2)  does  not  .ter  the  approximation  embodied  in 
Eq.  (U3 ),  and _ 


r 

AE 

0(sc> ) 

^R.2(£t) 

The  deflection  of  0(su)  can  be  obtained  by  letting  £b — >0  (and 
hence  b— H)  )  at  appropriate  points  in  the  derivation  in  Appendix  B. 
This  procedure  is  carried  out  in  detail  in  Appendix  C,  and  only  the 
results  are  stated  here.  From  Appendix  C,  we  have 


m 
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(1+7) 


Again,  if  Eqs,  (1*6)  and  (1*7)  are  compared,  it  is  seen  that  the 
deflection  of  0(s^)  depends  upon  higher  powers  of  the  integration  time 
and  can  become  appreciably  large  with  respect  to  AE  0(s^)J  when  the 
integration  time  is  made  long. 

Deflection  of  Higher-Order  Terms 

It  is  of  interest  to  see  the  manner  in  which  deflections  of  higher- 
order  terms  in  the  power  series  depend  upon  input  SNR  and  post-detection 
integration  time.  For  this  purpose,  the  average  Eg^~(s  *K”^v)  ^  is 
calculated  in  Appendix  D  for  the  sinusoidal  signal  case.  This  term 
is  the  most  significant  contribu  tion  to  AE  Jo ( s ^  )J  in  this  case  for 
long  integration  time.  From  this  result  the  behavior  of  corresponding 
terms  in  higher-order  deflections  is  deduced.  From  Appendix  D, 


Es0  \6®t)5 

"th 

and  for  a  p  -order  term, 


0+6) 


(a?) 


VII.  Conclusions  and  Remarks 


This  report  has  considered,  by  means  of  some  specific  cases,  t>u< 
question  of  the  contribution  <rv  higher-order  terms  in  a  power  series  { 


.1 


I 


expansion  of  log  £(v),  the  output  of  an  optimum  detector.  Ji 

The  results  of  Section  IV  showed  that  if  the  desired  signal  is  d 

gaussian  random  process  with  a  flat  spectrum  over  a  know.*  frequency  j 

band,  the  deflections  of  terms  of  all  orders  grow  linearly  with 

integration  time  and  the  higher-order  deflections  have  as  coefficient; 

progressively  higher  powers  of  the  input  SNR.  Therefore  when  the 

input  SNR  is  much  smaller  than  unity,  the  major  contribution  to  log 
2 

is  from  the  0(s  )  term  and  higher-order  terms  can  he  neglected.  This 

3 

was  the  approximation  made  by  Tuteur  in  which  the  operation  of  the 
optimum  detector  for  such  a  signal  was  represented  by  the  lowest-order 
term  in  the  series  (equivalent  to  squaring  the  receiv'd  signal  and 
integrating  over  the  observation  Interval  0,T).  It  is  clear  that  this 
approximation  is  justified  for  low  input  SNR,  regardless  of  the  length 
of  T. 

In  Section  V  the  gaussian  signal  was  assumed  to  be  nr  rrowband  with 

an  unknown  center  frequency,  where  the  band  of  center  frequency 

uncertainty  was  assumed  considerably  larger  than  the  signal  oandwidth, 

2 

In  that  case  it  was  found  that  terms  of  higher-order  than  0(s  ;  could 
not  be  neglected  when  the  integration  time  became  appreciably  long. 

The  same  observation  applies  to  the  limiting  case  of  a  sinusoidal 
signal,  considered  in  Section  VI.  In  these  li  ,ter  two  cases,  thsn,  if 
one  were  to  construct  an  approximation  to  the  optimum  detector  wi  ;h  the 
power  series  in  mind,  a  certain  number  of  higher-order  terms  in  Eq.  (7), 
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and  the  corresponding  operations  on  uhe  received  signal,  would  have  to  be 
incorporated  into  the  detector.  The  number  of  terns  to  be  included  would 
depend  upon  the  input  SNR  and  the  integration  time. 

Thi3  is  not  suggested  as  a  technique  for  constructing  the  optimum 
detector,  but  it  is  of  interest  to  consider  the  implication  of  including 
certain  higher-order  operations.  Suppose  as  an  example  that  the  desired 
signal  is  a  narrowband  incoherent  signal  whose  center  frequency  is 
equally  likely  to  be  any  one  of  m  known  frequencies.  The  lowest-order 
term  in  the  series  See  Eqs,  (7),  (11  )J  is  then 

m 

5  (r  s  2)  -35  £  r  1 

i«l 

•f  Vi 

where  is  a  function  of  the  1  1  frequency.  This  expression  indicates 
a  quadratic  operation  on  the  received  signal  at  each  of  the  m  frequencies, 
followed  by  a  summation  of  all  these  quantities.  The  most  significant 
O(s^)  term  becomes 


m 


Adding  to  these  the  corresponding  terms  at  higher  orders  of  s,  it  is 
see  1  that  the  optimum  detector  calls  for  the  calculation  of  v1  Cb  v 
at  each  frequency,  followed  by  a  nonlinear  operation  on  v1  v  and 
finally  a  summation  or  the  m  quantities.  This  suggests  band-splitting 
with  a  bank  of  m  filters  and  detection  of  the  separate  filter  outputs, 
which  is  the  scheme  one  would  intuitively  choose  to  detect  a  narrowband 
signal  with  unknown  frequency. 
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Some  recent  results  indicate  that  such  a  band-splitting  scheme 
represents  a  very  good  approximation  to  the  optimum  detector  for  such 
a  signal.  Reports  on  these  results  are  forthcoming. 


Appendix  A  A  Special  Trace  Relationship 

Matrices  A  and  B  are  square  matrices  oi  the  same  order.  We  wish  to 
show  that  if  B  is  a  tensor  product  of  a  vector  b  times  itself,  i.e.,  if 


then 


B  =  b)(  b  =  b  b>  ^b.b. 


tr(A  B)2  =  tr2(A  B) 


(A-l) 


(A— 2  ) 


Proceeding  formally we  have 


tr(A  B)2  =  tr(A  BAB) 


tr  <  )j  E  C  A,  .  B .  .  A  ..  B. 

'  V  .7*  hi  ij  jk  km 

l  .1  k  ^  ° 


l 

h=m 


I!  E  E  A.  .  B.  .  A..  B, 

V  m1  hi  ij  jk  km 


i  3  k 


E  E  E  E  A,  .  B.  ,  A  ..  B,  , 

h  i  j  k  hl  13  kh 


If 


h  i  i 


B ,  .  =  b .  b  . 
13  i  3 


b  b, 
k  h 


and 
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tr(A  B)2  =  y  )  (  ?  A  b.b.)(  £  A  b.  b,  ) 
—  <_i  Lj  V  hi  i  jk  k  h; 


h  j 


(£  Evvh«S  Ev\V 


=  tr  (A  B) 


(A-li) 


No  special  properties,  such  as  symmetry,  are  required  of  the  matrix  A. 
In  general, 


mo  p 

1  E  ...E 


X1  X2  i2m 


A.  .  B.  .  A.  .  B . A  B.  . 

i2m  1112  1213  Vk  i2m-l12m  ^m^m+l 


il12  1314  i2m-l12m  1213  h  $  Wl 


(A-5) 


If 


■  bA 


tr(A  B)1 


,m 


E  E  •'  j  q  q  '/E  E  a  b  b 

h  h  I  2  i3  ^  hVs1 


E  E  a.  ,  b. 

i0  i0  12m-l12m  12m-l  12m 
2m-l  2m 


trm(A  B) 


(A-6) 
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Appendix  B  Deflection  of  0(s  ^--Narrowband  Gaussian  Signal 

The  total  deflection  of  terms  of  order  s^,  as  given  by  Eq.  (27),  is 


AE  O(s^)  =  — i-r  E  E  E  E(s,  s.s,s,\2 


,  ,  „u  t  V  V  ,  \  h  i  j  ^ 
ui  N  h  l  3  k  x  J  ' 


^7  h  -  H  k  <Vj>  (vh) 


-Kr  y1  E  E  (s.S.\  (S  ■s\})  /s,3.\ 

2?  i  j  k  X  1  J  k/  '  k 


(B-l ) 


For  convenience  the  three  terms  in  Ec.  (B-l)  will  be  considered  separately. 
First  Term 

2 

The  signal  spectrum  has  total  average  power  A  /2  and  is  flat  over  a 
narrow  band  rad/sec  wide,  centered  at  the  unknown  frequency  «c  rad/sec. 
Since  s(t)  is  a  sample  function  of  a  gaussian  random  process, 


s,  s.s.s.  )  =  {  s.  s ,  s.s.  +  s,  s  .  s.s,  +  s.s.  s,s, 
h  l  j  k/  \  hi  jk  n  3  i  k  13  h  k 


^  (sine  fb(th-t.)  cos  «c(th-t.)  sine  cos  uc(t;fV 


+  sine  <jjb(th-t  )  cos  »c(th-t . )  sine  Jb(t'i"tk)  cos  “c^i"^ 


+  sine  jj^tj-t  )  cos  wc(ti-t  )  sine  Jb(th-tR)  cos  wc(th-tk) 


where 


o 

■r  “1) 

l  =  —  op; 


(B— 2 ) 
(B-3 ) 
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The  center  frequency  w  has  a  flat  p.d.f,  over  a  band  ft  rad/sec  wide, 

and  the  band  is  centered  on  the  frequency  co^.  Thus  if  the  average  is 

taken  over  co  . 

c} 

( 3.S.3.S,  \  =  —  sine  ij),(t.-t.)  sine  1  (t.-t,  )  sine  (Rt,  -t.+t  -t,  )  cos  co  (t.-t.+t.-t,  ) 
\h  1  j  k/  0  -4)'  h  i'  -b'  j  k  h  i  j  k'  o'  h  l  j  k' 

+  sine  Jb(th~t,i )  sine  Jb(t^.-tk)  sine  )  cos  “ofyfVVV 

+  sine  ^(t^t..)  sine  ^(t.^)  sine  )  cos 

+  sine  Jb(th-t^)  sine  sine  $0^..-^+^)  cos  coQ(th-t 

+  sine  5b(ti-tJ )  sine  ^(th-tk)  sine  cos 

+  sine  ^(^-tj)  sine  50(th-\)  sine  S^-tj-V^c)  C0S  ^V’VV^k ^ 

(B-b) 

$  =  ~  cps  (B-5) 

2n 


where 


The  first  term  in  Eq.  (B-l)  then  becomes 
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Other  cross-product  terns  from  the  square  of  the  right  side  of  Eq.  (B-I4) 

contain  cosine  factors  of  the  for n  cos  2co  (t,  -t.  )  or  cos  2o)  (t.-t,  )  . 

o'  h  1  o'  0  k' 

Such  terms  will  go  to  approximately  zero  in  the  summation  over  h,i, 
and  are  simply  left  out  of  Eq.  (B-6). 

From  symmetry  considerations  the  first  two  four-dimensional  sums 
in  Eq.  (B-6)  will  yield  the  same  result;  the  last  three  terms  will,  also 
yield  identical  results.  Thus  only  two  summations  need  be  carried  out. 
Starting  with  the  first  term  in  Eq,  (B-6),  we  have 


LL  3  sinc2Jb(th-ti)sinc^|b(t  -tk)sinc2|(th-ti+t  -tk)cos2uQ(th-ti+t  =.t  ) 
hi  j  k  J  J  J 


T  FT  ®T  ffl  T 


0  'o  'o 


y  3  2  2  2 

=  ~  (l6)  ds  dt  du  dv  sine  b(s-t)  sinc‘'b(u-v)  sine  (s-t+u-v) 


<j)T  (j)T  |T 


I  2  2 

2J4  /  ds/  dt  du  sine  b(s-t)  sine  b(u-s+t-u) 


'0  yo  yo 


<j)T  (j)T  (fT 


-  2ii  f  dsf  dt  j  du  sinc\(s-t) 

4)  4)  4) 


b]j  T  b  j)  T 


X  1  /  h  * 

2I4  ~p~/  d x  dy  sincU(x-y ) 

h  J 

0  0 


for  0  <  s-t+u  <  |>T 


(B-7 ) 


for  0  <  x  <  b^  T 


/JtV,.  _ 

2h  — j  3  (b  §T)  =  f  ®  ?)2 

b  /'  ^ 


(B-8) 


'See  Reference  L,  Table  1^7,  Integral  No.  27, 
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whore  b  c  (jjb/(j)  •  The  approrircations  are  good  for  long  integration  time, 
that  is,  for 

I T  »  5b  T  >:>  1 

Talcing  the  third  term  in  Eq,  (B-6). 


ZZZZ  2  sine  $b(t  -t^sinc  Jb(t  -t^Jsinc  ^(^-t ,  )sinc  Jb(-h“\) 
h  i  j  k  ^  d 

sinc2^(th-ti+t  -tk)cos2o)o(th-ti+t  -tk) 


16/  ds /  dt /  du/  dv  sine  b(s-t)sinc  b(u~v)sinc  b(t-u)sinc  b(s-v)sinc  (s-t+u-v) 


JQ  J0  '0  y0 

<jyr  ijyr  jjT 

~  16  dsj  dt  du  sinc2b(s-t)sinc2b(t-u) 

'o  '0  i 


for  0  <  s-t+u  <  jj)T 


(B-9) 


for  0  <  y  <  bj  T 


=  “J  T  ) 


(B-10) 


Thus  the  first  term  in  Eq.  (S-l)  becomes 


Second  Term 

The  average  ^j1siSjSk)  2^ven  ^  Eq.  (B-lj),  and  ^s^i)  and  /s^s^ 
are  obtained  using  Eq.  (39  )j  Section  V.  Multiplying  these  together  to 
form  the  second  term  in  Eq.  (B-l),  and  summing  over  h,i,j,k,  we  find 
that  only  four  of  the  cross-products  will  produce  non-zero  results. 

Summing  the  first  of  these  four  cross-products,  we  have 

Q 

32^  h  i  ?  k  SinC  ^>(Vti)slnc  VyVsinc  !(WV*k)c“  “o(th-VYV 

.  sine  Jb(th-ti)sinc  jC^-t^cos 
•  sine  ^(tj-t^ )sinc  jjj(t..-tk)cos  ^(t^-t^) 


— — r  <L  'h  LL  sine"©,  (t,  ~t.  )sinc2&(t  .-t,  Jsinc  (j>(t,-t.  )sinc  3>(t.-t,  ) 
?.8NU  hi  jk  b  h  1  "b  0  1C  h  1  J  k 

•  sine  f(t^-t^+t  .-t^  )cos  “0(t^-t^  )cos  coQ(t  ,-t^ ) 
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^  2  2  EC  sinc2^b(th-ti)sinc2^b(t^.-tk )sinc  )s.inc  (j^t^-t^ ) 

—  O 

•  sine  ®(t,  -t.+t  .-t,  )cos  to  (t,-t.+t.-t,  ) 
x  h  i  3  k'  ov  h  i  3  k' 

0—  2— 

+  sinc“£b(th-ti)sinc  (j>b(t ,-tk  )sinc  J(th-t±  )sinc  {(tj-t^) 


•  sine  ^(t, -t.+t  ,~t,  }cos  o:>  (t,-t. -t.+t.  )cos  to  (t.-t.+t.-t,  ) 
-  h  i  3  k'  ov  h  i  j  k'  ov  h  i  j  k' 


|r  fr  fr  ® 


t  f  f  (  f  2  2 

■ - r  (16)  ds  dt  du  I  dv  sine  b(s-t)sinc  b(u-v)sinc(3-t)sinc(u-v) 

t-8Nu  ,  .  J  J 


0  0  0  0 


sine (s-t+u-v) 


— - - r  (l6)[  ds f  dt/  du  sinc^b(s-t)  3inc2''_.-t) 

128. 8N4 


'0  Jo  '0 


0  <  s-t+u  <  jj)T 


— - - r  (16)  (|T)  ds  dt  sincSo(s-t)  sinc2(s-t) 

128-8N4  /  / 

V  JQ 


- - r  (16)  ($  T)2 


128-8N 


6laN  4sf 


(I  T/ 


(B-12 ) 


Again  the  approximations  assume  »  b^T  »  1  .  The  second  of  the 

four  cross-product  terms  will  also  yield  the  result  given  by  Ec.  (B-12  ). 
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The  third  cross-product  gives 


3278?  h  i  3  k  SinC  5b(th-tk)sinc  ®VYYVC0S  YVY'hV 

•  sine  5b(th~ti)sinc  J^-t^cos  “,0^-^)' 

•  sine  ^b(t^-tk)sinc  J^-t^cos  «Q(t^.-tk) 


— - — rL  E  EC  sine  I),  (t . -t .  )sinc  1.  (t,  -t,  )sinc  S’,  (t,  -t.  )sinc  S,  (t.-t,  ) 
hi  jk  b  1  J  b  h  k  D  h  1  b  3  k 

.  sine  J^-tj^Jsinc  J(t.-tk)sinc  .-th+tk ) 


•  cos  co  (t.-t.-t,+t,  )  cos  co  (t.-t.+t.-t,  )  +  cos  co  (t,  -t.-t.+t.  ) 
o'  i  j  h  k'  o'  h  l  j  k  o  h  i  j  k' 

fl  St  $T  <jvr 

- - — p  (16)  ds  dt  duj  dv  sine  b(t-u)sinc  b(s-v)sinc  b(s-t)sinc  b(u-v) 

128. 8NU  I 

JQ  J0  J0  JQ 

•  sine (s-t  )sinc (u-v)sinc(t-u-s+v ) 


|t 

A  8  k  f  f 

-  - r  /  ds/  dt  du  sine  b(t-u)  sine  b(s-t)  sinc(s-t)  sinc(s-t) 

6hNU 


'0  yo  Jo 


sine  b(s-t)  sine  b(t-u)  sine  b(s-u) 


St  (jiT  jjr 


0  <  s+u-t  <  c[ 1 


A  ®  f  f  f  2  2  2 

- p  /  ds  dt  du  sine  b(s-t)  sine  b(t-u)  sine  (s-t)  sine  b(s-u) 

6ttIU  / 

Jo  Jo  Jo 


<35t  £t 

8  r  r  ,  )t 

-jj  /  ds/  du  sinc"'b(s-u) 


(B-13) 


'o  Jo 


'See  Reference  u j  Table  156,  Integral  No.  7. 
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-^-0  £  E£  Sine  ft  (t  -t  )  sine  ft  (t.-t,  )  sine  1  (t.  -t.  ) 

32N3  ijk  ~b  1  J  J  k  V  k 


■  sine  sine  f(t^-tk)  sine 

•  cos^Oy^)  +  i  cos  2coo(t.-tk)  +  |  cos  2coo(ti-t  ) 

Jt  Jr  Jt 

■j  (8)f  ds I  dtf  du  sine  b(s-t)  sine  b(t-u)  sine  b(u-s) 


0  '0  y0 


.  sinc(s-t)  sinc(t-u)  sinc(u-s) 


|T  j)T 

~  — —•  /  ds/  dt  sinc3b(s-t)  sinc2(s-t) 

8N  JJ  I 

JQ  '0 


8N 

o 


-  -  V(jT) 


(B-16) 


Thus  the  total  deflection  of  0(s  )  is  approximately 
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Appendix  C  Deflection  of  O(_s^)--Sinusoidal  Signal 

The  deflection  for  this  case  is  obtained  by  letting  b  =  0  at  various 
steps  in  the  derivation  of  Appendix  B. 

With  b  =  0  in  Eq,  (B-7 ), 
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Jo  '0  y0 
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(j)T  s  (j>T-s+t 
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. 
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Letting  b  =  0  in  Eq.  (B-9),  we  have 
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Thus  we  have 
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Letting  b  =  0  in  the  derivation  leading  to  Eq.  (B-12)  leaves  that 
result  unchanged.  Letting  b  =  0  in  Eq.  (B-13),  we  have 
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This  is  identical  to  the  result  given  by  Eq.  (B-12),  thus 
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Appendix  D  Deflections  of  Higher-Order  Terms — Sinusoidal  Signal 

The  largest  contribution  to  AEjo(s^)J  for  this  case  is  made  by  the 


average 


Er 


£  (fe'sV)!  ■  ^  (v^w.)2  (D-1) 


The  desired  signal  s(t)  is  (though  a  limiting  case  of  zero  bandwidth) 
a  sample  function  of  a  gau3sian  random  process.  Therefore 
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The  right  side  of  Eq.  (D-l)  contains  a  total  of  1*3*5  3  15  terms.  Since 
the  signal  bandwidth  is  vanishingly  small, 
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^See  Laning  and  Batting  pp.  82-83',  for  a  discussion  of  moments  of  a 
multivariate  normal  distribution. 
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(D-3) 

The  right  side  of  Eq,  (D-3)  contains  sixty  terms,  but  it  can  be  shown  that 
the  terms  can  have  only  fifteen  distinguishable  arguments  and  that  the 
fifteen  types  of  term  each  occur  with  multiplicity  four.  Hence  Eq.  (D-3) 
can  be  rewritten  with  only  fifteen  terms  and  with  a  coefficient  A^/8 
instead  of  A^/32  j  when  this  modified  expression  is  squared  and  used  in 
Eq,  (D-l),  we  have 
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All  the  cross-product  terms  will  yield  approximately  zero  when  the  6-d 
summation  is  carried  out.  Due  to  symmetry  of  the  arguments,  the  fifteen 
squared  terms  in  Eq.  (D-U )  will  all  yield  the  same  6-d  sum.  Thus,  more 
simply, 
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The  integral  in  Eq,  (D-5)  was  approximated  by  replacing  sine  (s+eos-x)  with 
6(s+,,.-x)  ,  a  Dirac  delta  function.  The  integration  is  tedious  and  is  not 
reproduced  here.  The  result  is 


Thus 
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Extension  to  Higher-Order  Terms 
Calculation  of  the  average 
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requires  approximation  of  an  integral  of  the  form 
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For  the  values  of  p  considered  in  this  report,  the  value  of  V  was 
found  to  be 

V=-_l_xp“1  ,  p  =  (D~8 

|  1 

This  writer  has  been  unable  to  prove  that  Eq„  (D~8)  holds  for  values  of  p 
greater  than  6,  but  we  may  conjecture  that  it  does  hold.  If  so,  then  for 
long  integration  time, 


It  can  be  seen  from  Eq.  (D-10)  that  the  fractional  coefficient  is  always 
smaller  than  unity  and  monotonically  approaches  zero  as  p  becomes  very 
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p.d,f.=  probability  density  function 
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I.  Introduction 


A  previous  report"'’  dealt  with  the  problem  of  optimally  detecting  a 
sinusoidal  signal  of  unknown  phase  whose  frequency  was  known  only  to  lie 
within  a  prescribed  band.  The  results  of  that  investigation  were 
negative;  they  indicated  that  the  sinusoid  was  no  more  detectable  than 
a  gaussian  random  signal  having  a  flat  spectral  density  over  the  same 

frequency  band.  Those  results,  however,  were  viewed  with  suspicion. 

2 

Later  work  showed  that  the  small-signal  approximation  used  in  truncating 
the  power  series  for  the  optimum  detector  structure  would  not  hold  for 
long  integration  times  and  that  this  faulty  approximation  accounted  for 
the  pessimistic  results. 

In  this  report  a  different  approach  is  taken  to  the  problem  of 
optimally  detecting  a  signal  of  unknown  frequency.  This  work  leads  to 
an  accurate  approximation  to  the  optimum  detector  structure  for  cases  of 
large  post-detection  SNR.  In  order  to  keep  the  development  simple  and 
to  avoid  questions  of  non-gaussian  statistics,  the  desired  signal  is 
assumed  to  be  a  steady  sinusoid  with  known  amplitude  and  phase  and 
unknown  frequency;  the  unknown  frequency  i3  assumed  to  have  a  discrete 
probability  distribution.  The  extension  to  more  realistic  signal  models 
i3  straightforward,  but  involved. 

i(Given  the  frequency  of  the  signal,  the  phase  structure  is  assumed  to 
be  completely  known.  By  definition  this  is  termed  a  "coherent"  signal, 

since  i  0  . 
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II.  Likelihood  Ratio  Detection  of  a  Signal  with  an  Unknown  Parameter 
The  optimum  detector  for  the  detection  of  a  signal  in  a  background 
of  random  noise  is  a  likelihood  ratio  (hereafter  LR)  detector.  If  the 
desired  signal  contains  unknown  parameters,  the  detector  must  compute  a 
LR  which  is  statistically  averaged  over  all  the  possible  values  of  the 
signal  parameters.  If  v  is  the  received  signal  in  the  form  of  a  vector 
of  time  samples  and  the  signal  contains  only  one  unknown  parameter  0, 
the  averaged  LR  is  given  by 

£(v)  »  <^(v,Q)^)  (i) 

where  L(v,Q)  is  the  LR  for  a  particular  value  of  0. 

If  the  parameter  0  has  a  discrete  probability  distribution  over  a 
finite  set  of  values, 

m 

*(v)  11  £  Pi  L (X-» ei )  (2) 

i-1 

where  m  is  the  total  number  of  possible  values  of  0  and  p^  is  the 
probability  of  the  i^  value.  In  general  the  quantities  log  L(v, 0^ ) 
can  be  generated  more  conveniently  than  L(v,0^)  .  With  this  in  mind 
the  average  LR  can  be  written  as 


Thus  the  optimum  detector  calculates  the  quantities  log  L(v,0^ )  , 
forms  the  sum  in  Eq,  (3),  and  compares  this  with  a  pre-set  threshold  k. 
II  he  threshold  is  exceeded,  the  decision  is  made  that  the  desired 
signal  is  present  in  the  received  data,  This  test  is  indicated  by 
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(h) 


The  decision  scheme  cen  be  visualized  in  geometric  terms  if  the  test 
quantities  log  L(v,0^)  are  taken  as  coordinates  in  an  m-dimensional 
hyperspace.  The  space  is  divided  into  two  regions,  which  may  be  called 
the  "signal"  and  "no  signal"  regions.  The  boundary  between  these  two 
regions  is  determined  from  Eq,  (l*)  by  the  equality 


exp 


log  L(v,9i) 


{$) 


For  a  given  received  signal  v,  the  coordinates  log  I>(v,6.)  define  a 
point  in  the  m-dimensional  space.  If  the  point  lies  in  the  "signal" 
region,  the  decision  is  made  that  the  desired  signal  is  present  with 
noise.  If  the  point  lies  in  the  "no  signal"  region,  the  decision  is 
made  that  noise  only  is  present,  A  specific  case  will  new  be  considered. 
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III.  LR  Detection  of  a  Coherent  Sinusoid  -  Two-Frequency  Case 
111,1  The  Decision  Plane 

If  the  desired  signal  is  a  sinusoid  with  known  amplitude  and  phase 
and  with  a  frequency  that  can  take  on  any  one  of  m  discrete  values,  then 
from  Eq,  (3), 


m 


l{v)  =  ^  Pi  exp 
i-1 


log  L(v,co,  ) 


(6) 


1 

As  an  example,  let  m  =  2  and  "  IJ2  =  2  ‘  Equation  (6)  now  gives 


^(v)  =  i  exp 


log  L(v,co^) 


+  ^  exp 


log  L(v,o)2) 


(7) 


Using  Eq,  (5),  the  boundary  between  the  two  decision  regions  is  given  by 


log  L(v,ca^ ) 


log  L(v,w2) 


=  k 


(8) 


r 

\ 

r  1 

log  L (v,  co2  )  =  log  < 

2k  -  exp 

V. 

log  L(v,Mj.) 

L  J 

/ 

Threshold  curves  given  by  Eq.  (9)  are  plotted  in  Fig.  1  for  several  values 
of  1c .  It  should  be  noted  that  the  curves  all  become  asymptotically  parallel 
to  the  coordinate  axes.  In  practice  one  of  these  curves  is  chosen  to 
divide  the  plane  into  '‘signal"  and  "no  signal"  decision  regions.  For  a 
received  signal  vector  v,  leg  L(v,ai,  )  and  leg  L(v,co2)  are  calculated 
and  these  quantities  define  a  point  in  this  decision  plane.  If  the  point 
lies  above  or  to  the  right  of  the  chosen  threshold  curve,  the  decision  is 
made  that  the  desired  signal  is  present.  If  the  point  lies  below  and  to 


the  left  of  the  curve,  the  decision  i3  made  that  1*010-?  only 


H  -  6 


If  the  number  of  possible  values  of  the  frequency  is  made  larger,  the 
decision  plane  of  Fig.  1  is  replaced  by  an  m-dimensional  decision  space, 
and  the  threshold  curve  is  replaced  by  an  m-dimensional  decision  surface, 
III. 2  Detection  in  Gaussian  Noise 

If  the  noise  is  additive  and  gaussian  with  a  covariance  matrix  K,  the 
LR  for  a  given  value  of  signal  frequency  is 

L(v,u3^)  =<  exp 
For  convenience  let 

Li  -  L(v,co^) 

and 

s,  =  s(w. ) 

-i  l 

Then,  for  the  case  in  which  the  signal  frequency  may  take  on  one  of  two 
discrete  values,  the  test  quantities  are  given  by 

log  Lx  »  -  |  ,K~18]l  +  £1,K~1v  (11) 

log  L2  =  -  i  s 2 *  K _1£2  +  (12) 

Thus  the  operation  of  the  optimum  detector  in  this  case  consists  of  a  general 
cross -correlation  of  the  received  signal  with  the  desired  signal  at  each 
of  the  possible  signal  frequencies. 

In  order  to  calculate  the  detectability  of  the  signal,  the  conditional) 
p.d.f.  'a  of  log  and  log  must  be  obtained.  Since  the  noise  is 
gaussian  and  Eos.  (11 )  and  (12)  describe  linear  ope rati' ns  on  the  received 
signal,  the  quantities  log  and  log  L?  are  gaussian  random  variables. 
The  required  mean  values  of  log  are  calculated  as  follows: 


|  £  ’  (“i )  K 


-1 


£(0)i) 


£>(0)i) 


,-l 


(10) 
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r-l/_  .  sl2\  1,  S2 


-  31*K“1s131,K"132  +  (s1»K“'1s2  )2  +  £1t  K_1^n  n'^  K-1^ 


-  Si'  K-1£i  £1*  K_1£2  +  (^'K”1^)2  + 


If  the  noise  is  assumed  to  have  a  flat  spectrum  over  a  frequency  band 
encompassing  all  possible  values  of  the  signal  frequency, 


S' K"X£2 


E  3l(tiJ  s2(tl} 


il 


■  h  y,  si2{ti) 


where  N  is  the  variance  of  the  noise. 


Ktat&rjkum  i-A'wg  tn&M 


a 


H-  9 


If  the  spectral  level  of  the  noise  is  Nq  v  /rad/sec,  then  from 
results  of  sampling  analysis, 


n 

1  \ 

N 

i=l 


} 


i  \  i .  \  /  *  \  ^  1 

±  )  st  ;  s2(u. )  =  — 
N  i-*  1  1  *  x  nN 


dt  s-L(t )  Sg  (t ) 


o  4 


"S'  0 


(21) 


where  T  is  the  observation  time  of  the  received  signal.  The  zero  result 
in  Eq.  (21)  follows  from  the  fact  that  s^t)  and  Sg(t )  are  sinusoids  of 

different  frequencies. 

Similarly, 


i=l 


_1_ 

ttN 


dt  s^  (t) 


(22) 


It  will  be  convenient  to  define  a  detection  index: 

T 

d  s  _L  i  dt  s2(t) 
nN 


(23) 


where  s (t )  may  be  either  apt)  or  s^t),  since  the  signal  is  assumed  to 
have  the  same  amplitude  at  either  frequency.  It  should  be  noted  that  the 
detection  index  is  proportional  to  the  power  in  the  receiver  signal  and  to 
toe  observation  time  and  inversely  proportional  to  the  spectral  level  of 
the  noise.  This  detection  index  may  also  be  regarded  as  the  post-detection 

SNR. 

With  the  aid  of  Eqs.  (19)  through  (23),  the  averages  m  Eqs.  (13), 

(lit)  and  (15)  may  now  be  written  as 
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Similarly, 
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To  construct  the  joint  p.d.f.'s  for  the  test  quantities,  the 
coefficient  is  required: 
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Thus  the  test  quantities  log  and  log  L2  are  uncorrelated,  and,  since 
they  are  gaussian  random  variables,  independent.  With  the  following  change 
of  variables, 

=  log  L-, 

J- 

x2  =  log  L2 


the  joint  p.d,f.<s  can  be  written  as 
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The  centers  of  these  three  density  functions  are  plotted  in  the 
decision  plane  of  Fig.  2,  together  with  a  typical  optimum  tiireshold  curve. 

It  is  particularly  interesting  to  note  that  if  the  threshold  curve  remains 
fixed  and  the  detection  index  d  becomes  large,  the  precise  shape  of  the 
threshold  curve  near  the  origin  of  the  decision  plane  becomes  less  important 
with  regard  to  the  conditional  probabilities  of  error.  This  is  because 
the  region  near  the  "corner"  of  the  curve  becomes  a  region  of  steadily 
smaller  probability  measure  with  respect  to  the  three  p.d.f,  's  as  d 
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asymptotes,  also  shown  in  Fig.  2,  The  decision  scheme  corresponding  to 
this  new  threshold  curve  can  be  stated  as  follows:  If  either  log  Lj 
or  log  Lg  is  above  the  threshold  value  log  2k  ,  the  decision  is  made 
that  a  signal  is  present.  Thus  a  threshold  test  is  performed  at  each  of 
the  possible  frequencies  at  which  the  signal  may  appear  and  a  final 
decision  about  the  presence  of  the  signal  is  made  on  the  basis  of  the 
individual  tests.  This  type  of  decision  scheme  will  be  referred  to  in 


a  general  way  as  a  "band-splitting”  scheme.''  As  d  is  made  increasingly 
large,  the  region  (shown  shaded  in  Fig.  2)  between  the  optimum  threshold 
curve  and  the  band-splitting  threshold  curve,  makes  a  steadily  smaller 
contribution  to  the  conditional  probabilities  of  error.  Therefore  it  can 
be  stated  that  the  optimum  detector  becomes  asymptotically  a  band-splitting 
detector  as  the  detection  index  d  is  made  increasingly  large. 

A  different  situation  prevails  as  d  approaches  zero,  however.  Figure  3 
shows,  for  a  low  value  of  d,  the  arrangement  of  centers  of  the  p.d.f.'s 
with  respect  to  a  typical  optimum  threshold  curve.  As  d  is  made  very  small, 
the  shape  of  the  threshold  curve  for  large  magnitudes  of  log  and 
log  becomes  less  significant  in  the  determination  of  the  error 
probabilities.  Only  the  shape  of  the  threshold  curve  in  the  region  of  the 
closely  spaced  p.d.f.'s  is  important,  and  a  straight  line  with  slope  -1 
can  serve  as  a  good  approximation  to  the  curve  in  that  region.  Such  a 
straight-line  threshold  is  also  pictured,  in  Fig.  3. 

It  is  shown  in  Appendix  a  that  if  log  <^L(v,co)^)  is  expanded  in  a 

power  series  and  the  lowcsl-order  coherent  term  in  the  series  is  used  to 
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FIGURE  3 

Optimum  Threshold  Curve  and  Its  Small-Sif'r.al  Approximation 

Two -Frequency  Case 
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approximate  the  operation  of  the  optimum  detector,  then  that  approximation 
corresponds  precisely  to  a  straight-line  threshold  as  pictured  in  Fig.  3. 
That  is,  for  this  case  of  a  coherent  sinusoid  having  one  of  two  known 
frequencies,  a  power  series  analysis  with  small-signal  approximations  leads 
to  the  test 

log  L1  +  log  L2  %  2  log  k  -  |  (37 ) 

It  is  now  clear  that  the  approximation  leading  to  Eq.  (37 )  is  valid  only  if 
the  detection  index  d  is  much  smaller  than  unity,  and  it  must  be  noted  that 
it  is  not  sufficient  that  the  pre-detection  SNR  be  small,  since  d  also 
depends  on  the  integration  time,  as  shown  by  Eq.  (23).  In  the  threshold 
situation,  where  a  is  made  much  larger  than  unity  by  means  of  a  long 
integration  time,  the  band-splitting  detector  will  provide  a  better 
approximation  to  the  optimum  detector. 

The  detector  structure  implied  by  Eq„  (37)  villi  be  referred  to 
hereafter  as  a  "sum-and-test"  detector. 

I II . 3  Detector  Probabilities  -  Two -Frequency  Case 

The  conditional  false-alarm  and  false. -dismissal  probabilities  will  be 
calculated  for  the  optimum  detector  and  for  the  sub-optimum  detector 
derived  by  the  small-signal  analysis  of  Appendix  A.  Signal  detectability 
curve 3  will  then  be  obtained. 

Optimum  Detector 

The  conditional  false  alarm  probability  a  can  be  visualized  with  the 
aid  of  Fig.  2.  It  is  the  probability  that  the  point  (log  L^,log  Lg )  lies 
above  or  to  the  right  of  the  optimum  threshold  curve,  given  that  noise 
only  is  present.  From  Eq.  Oh), 
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After  a  change  of  variables, 
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The  double  integration  in  Eq.  (39)  cannot  be  carried  out  in  closed  form, 
but  it  may  bo  numerically  evaluated  to  any  desired  degree  of  accuracy. 

To  facilitate  computations  in  this  report,  the  optimum  threshold  curve 
will  be  replaced  by  the  band-splitting  threshold  for  large  values  of  d. 

A  graphical  estimation  of  the  detectability  for  low  values  of  d  will  then 


be  carried  out.  For  the  band-splitting  approximation,  the  conditional 
false  alarm  probability  is  given  by 
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The  function  |)(x)  is  the  Normal  Probability  Integral,  available  in  tables 
The  conditional  false  dismissal  probability  is  the  probability  that 
the  point  (log  L^,  log  L0 )  lies  to  the  left  of  and  below  the  optimum 
threshold  curve  in  Fig.  2.  Given  that  the  two  signal  frequencies  are 
equally  likely,  this  probability  can  be  calculated  with  respect  to  either 
one  of  the  signal-plus-noise  distributions.  Thus 
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After  a  change  of  variables, 
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Again,  Cor  the  band-splitting  approximation  the  .  alse  dismissal  probability 
is  approximated  by 
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From  Eqs.  (I4O)  and  (hS),  the  conditional  detection  probability  1-J3 
in  plotted  in  Fig.  ii  as  a  function  of  YcP  for  fixed  values  of  the  conditional 
false -alarm  probability  a.  The  curves  are  estimated  for  the  region  of 
1-p  below  80  per  cent.  Detection  probabilities  on  the  order  of  99  per 
cent  or  better  will  usually  be  desired,  and  this  is  well  within  the  range 
where  the  band-splitting  detector  provides  a  very  accurate  approximation 
to  the  optimum  detector. 

Sum-^And-Test  Detector 

From  Eq,  (3U )  and  with  the  aid  of  Fig.  3, 


a  3  I  du  exp 

V^nd 

4(d/2  +  log  k) 

V? 


'  u2 
2d 


After  a  change  of  variable, 


(U6) 


on 


Similarly, 


=  -i,  dz  exp 


1 

a  13  2 

i-i 

<k 108  k 

p  -  i 

1  -1 

rp  ' 

VH  -  7=,  log  k 

r  V21  / 

(h7) 


(W) 


From  Eqs.  (Lt7  )  and  (h8 ),  values  of  1-P  are  plotted  in  Fig.  I4  as  a 
function  of  yd  for  three  fixed  false -alarm  rates.  It  is  seen  that  the 
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conditional  detection  probability  for  this  sub-optimum  scheme  steadily  falls 
away  from  that  of  the  optimum  detector  as  the  detection  index  increases. 

As  the  uncertainty  about  the  frequency  of  the  desired  signal  is  increased 
to  a  larger  number  of  possible  values,  the  difference  between  the 
performance  of  the  sum-and-test  detector  and  that  of  the  optimum  detector 
becomes  more  pronounced. 

IV.  Detection  of  a  Coherent  Sinusoid  -  m-Frequency  Case 
IV. 1  The  Detection  Space 

The  work  of  the  previous  section  has  shown  that  in  the  detection  of  a 
coherent  sinusoid  with  an  unknown  frequency  which  can  have  one  of  two 
values,  the  optimum  detector  becomes  asymptotically  a  band-splitting  type 
of  detector  as  the  post-detection  SNR  becomes  large.  If  the  unknown 
signal  frequency  is  equally  likely  to  have  any  one  of  m  possible  values, 
the  decision  space  becomes  an  m-dimensional  hyperspace,  and  the  threshold 
surface  dividing  the  space  into  "signal"  and  "no  signal"  regions  is 
obtained  from  Eq,  (l£ ),  with  L(v,6^)  =  L(v,oo^)  =  ,  as 

m 

-  y  exp  (log  L . )  ■  k  (U9 ) 

m  c _ i  1 

i=l 

As  the  detection  index  is  made  very  large  and  a  received  signal  is  tested, 
two  different  situations  will  occur,  depending  upc1'  the  presence  or 
absence  of  a  signal: 

1)  If  no  signal  is  present,  all  m  of  the  test  quantities 
log  will  have  large  negative  mean  values,  equal 
to  -  d/2  [see  Eq.  (2h)  . 

2)  If  signal  is  present,  m-1  of  the  test  quantifies 
will  have  mean  values  equal  to  -  d/2,  and  one  test 
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quantity  will  have  a  mean  value  equal  to 
Eqs.  (26)  and  (25)1 . 


d/2 


Thus  it  is  of  interest  to  examine  the  shape  of  the  threshold  surface  in 
regions  of  the  hyper space  where  the  test  quantities  have  large  negative 
values.  If  Eq,  (1$)  is  solved  for  one  of  the  test  quantities  in  terns 
f  the  others , 


or 


exp (log  L^)  =  mk  -  exp (log  L^)  - 


log  »  log 


mk  -  exp (log  )  - 


-  exp (log  Lm) 

-  exp (log  Lm) 
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When  log  Lg,...  ,  log  have  large  negative  values,  the  exponentials 
in  Eq.  (5l)  become  very  small,  and 

log  Lj  ^ log  mk  (52) 

Thus  the  asymptotes  of  the  optimum  threshold  curve  are  hyperplanes 
perpendicular  to  each  of  the  m  coordinate  axes  of  the  decision  space. 

These  asymptote  planes  are  analogous  to  the  asymptote  lines  of  the  two- 
dimensional  case. 

It  is  seen  then  that  as  the  detection  index  becomes  large  the  precise 
shape  of  the  threshold  surface  near  the  origin  of  the  decision  space 
becomes  less  important  with  respect  to  error  probabilities  and  the  optimum 
threshold  surface  may  be  approximated  by  a  set  of  m  hyperplanes.  The 
decision  scheme  corresponding  to  this  approximation  can  be  stated  as 
follows:  If  one  or  more  of  the  test  quantities  log  L^,  log 
log  L  are  above  the  threshold  log  mk  .  the  decision  is  made  that  a 
signal  is  present.  If  all  n  test  cmantities  are  below  log  mk,  the 
decision  is  made  that  noise  only  is  present.  Is  in  the  two-frequency  case, 
this  detection  schme  will  be  referred  to  as  a  "band-splitting"  scheme. 
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It  can  be  stated  in  general,  then,  that  the  optimum  detector  for  the 
detection  of  a  coherent  sinusoid  whose  unknown  frequency  is  given  by  a 
discrete  probability  distribution  becomes  asymptotically  a  band-splitting 
detector  as  the  detection  index  d  becomes  large. 

For  small  values  of  post-detection  SNR,  the  work  of  Appendix  A  shows 
that  the  optimum  detector  can  be  approximated  by  a  sum-and-test  detector. 

For  the  m-frequency  case  the  approximation  leads  to  the  test 

m 

^  log  Li  ^  m  log  k  -  (m-1)  |  (53) 

i=l 

The  threshold  surface  corresponding  to  this  sub-optimum  scheme  is  given  by 

m 

^  log  1^  -  m  log  k  -  (m-1)  |  (Jft) 

i=l 

and  this  is  seen  to  be  a  hyperplane  in  the  m-dimensional  decision  space. 

This  is  analogous  to  the  straight-line  threshold  shown  in  Fig.  3  foi  the 
small-signal  approximation  in  the  two-frequency  case. 

IV .2  Detection  Probabilities  -  m-Frequency  Case 
Optimum  Detector 

For  large  values  of  A  the  optimum  detector  will  be  approximated  by  the 
band-splitting  detector  to  simplify  the  computation  of  the  error 
probabilities.  For  small  values  of  d  the  detectabili+y  will  then  be 
estimated. 

The  conditional  false-alarm  probability  is  the  probability  that  one  or 
more  of  the  test  quantities  exceeds  the  threshold  log  mk  ,  given  that 
noise  only  is  present.  That  is, 
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a  =  P  [At  least  one  of  the  test  quantities,  log  L.  is 
above  its  threshold,  given  that  noise  only  is 
present] 

=  1  _  P  [All  the  test  quantities  log  are  below 
their  thresholds,  given  that  noise  cn„y 
is  present] 


fhe  conditional  false-dismissal  probability  is 

B  =  P  [ All  the  test  quantities  log  1^  are  below  their 
thresholds,  given  that  a  signal  is  present  at 
A f  +.ViA  nnasible  frequencies] 


It  is  shown  in  Appendix  B  that 
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where 

a  =  P  [log  L,  is  above  its  threshold,  given  that  no 
i  signal  is  present  at  the  frequency 

B  =  P  flog  L,  is  below  its  threshold,  given  that  a 
1  signal  is  present  at  the  frequency  wj 

The  probability  3  a±  are  assumed  equal  for  all  i  -  1,2, and  the 
probabilities  ^  are  assumed  equal  for  all  i  =  l,2,,..,m.  The  erroi 


probabilities  a  and  (3  can  be  bounded  as 


U  < 

m  o. 

(57) 

l 

and 

P  < 

Pi 

(58) 

These  bounds  are  tight  for  m  ^  « 

1  ,  It  is  seen  from  Eq3. 

(57)  and  (58) 

that,  if  the  threshold  for  each  log 

t,  is  held  fixed  and  the 

■'  i 

frequency 

KW 


B— I  PWW8ggag^&.-^-jjin  (in 


H  -  21* 


uncertainty  is  increased,  the  false  alarm  probability  will  be  approximately 
proportional  to  m,  while  the  false  dismissal  probability  will  remain 
approximately  unchanged. 

The  conditional  p.d.f. 's  for  log  are  needed.  Let  x^  =  log  . 
Then,  from  Eqs.  (21*),  (25),  (26),  (30),  (31)  and  (32), 
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If  the  threshold  for  each  test  quantity  is  log  mk  , 
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From  Eqs,  (55),  (56)  and  (cl),  the  conditional  detection  probability  1-p 
can  be  calculated  as  a  function  cf  Yd1  for  a  fixed  value  of  the  conditional 
false  alarm  probability  a  and  for  any  number  m  of  signal  frequencies. 

Results  of  these  calculations  fer  a  =  .01  and  m  =>  1,2, Ii, 8  and  128  are 
shown  in  Fig.  5.  It  can  be  seen  from  the  figure  that  the  set  of  detection 
curves  for  different  values  of  m  becomes  a  set  of  parallel  straight  lines 
as  y d  becomes  large,  with  the  detectability  becoming  poorer  as  m  increases, 
as  would  be  expected.  The  asymptotic  form  of  the  detectability  curves 
for  small  error  probabilities  can  easily  be  derived  using  the  bounds  of 
Eqs.  (57)  and  (58).  For  small  values  of  ma^  the  bounds  become  very  good 
approximations  and  using  Eq.  (57)  together  with  Eq.  (6l),  one  can  write 
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The  conditional  detectability  1  -  p  is  to  be  calculated  as  a  function  of 
Vd  for  a  fixed  value  of  a,  therefore  let  a  =  ar  where  a1'  is  the  chosen 
fixed  false-alarm  rate.  Now,  from  Eq.  (62), 
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where  jjj  ^(z)  denotes  the  "inverse  Normal  Probability  Integral,"  that  is, 
the  number  x  for  which  z  =>  jjj(x)  See  Eq.  (J4I  )J  . 

From  Eqs.  (56)  and  (6l),  an  approximation  is  obtained  for  the 
conditional  false-dismissal  probability  as 
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Inserting  Eq.  (63)  into  Eq.  (61*),  one  obtains 
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The  conditional  detection  probability  is  then  approximately 
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The  right-hand  side  of  Eq,  (66)  is  seen  to  be  of  the  general  form 
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where  Cp  C^,  and  are  constants.  This  general  form  represents  a 
linear  function  of  V d  on  the  normal  probability  scale  of  Fig.  5.  Thus 
the  asymptotes  of  the  detectability  curves  for  the  optimum  detector, 
given  by  Eq,  (66),  plotted  for  various  values  of  m  or  various  values  of 
a  are  a  family  of  parallel  straight  lines,  the  horizontal  displacement 
of  each  lin>'  being  determined  by  the  quantity  £  (1  -  2a  /m).  If  a 

is  held  fixed  ana  m  is  increased, 


1  - 


2a_ 

m 


as 


m— |°° 
a*=  const. 


Thus  the  detection  curve  moves  steadily  to  the  right  as  m  increases, 
representing  steadily  poorer  detectability  with  increasing  uncertainty 
about  the  signal  freauency,  as  is  seen  in  Fig.  5.  The  same  trend  is 

■ft 

observed  if  m  is  held  fixed  and  a  is  decreased;  that  is, 


1 


2a 

m 


•if 


as  a- — ^0 
m  =  const. 


This  is  the  trend  exhibited  by  the  optimum  detector  curves  in  Fig.  if  for 
the  two-frequency  case, 

Sum-And-Test  Detector 

For  the  sum-and-test  detector,  the  tost  quantity  is 

m 

y  =  ^  log  (68) 

i=l 

When  noise  only  is  present,  each  of  the  quantities  log  has  a  mean 
value  -  d/2  and  a  variance  d.  Thus 
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f(y/o)  =  -j—  exp 

Y  2  rand 


(69) 


wien  a  signal  is  present  at  one  of  the  m  possible  frequencies,  m-1 
of  the  quantities  log  will  have  a  mean  value  -  d/2  and  one  will 
have  a  mean  value  d/2  .  Thus 


V  2nm3 


If  y  is  compared  with  a  threshold  m  log  k  -  (m-l)  w  ,  the  conditional 


-  _ 

\ 

2 

exp  < 

_  _!_ 

y  +  (m-  2)S 

> 

2md 

u 

V, 

/ 

(70) 


error  probabilities  are  given  by 


(71) 


Curves  of  conditional  detection  probability  1  - 13  as  a  function  of 
V?  are  shown  in  Fig.  5  for  the  sum-and-test  detector.  The  curves  are 
plotted  for  a  -•  .01  and  values  of  m  =  1,2, 8, 8  and  128.  As  was  seen  for 
the  optimum  detector,  the  signal  detectability  with  the  sum-and-test 
detector  becomes  poorer  as  m  increases.  An  expression  for  1-0  as  a 
function  of  cT  and  any  fixed  false-alarm  rate  a  =  and  for  any  value 
of  m  can  be  found  as  follows:  From  Eq.  (71), 


(73) 
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From  Eqs.  (7]  )  and  (73), 


(Ik) 


where  )  has  the  same  meaning  as  in  Eq.  (63).  The  right-hand  side  of 

Eq.  (7I4)  is  seen  to  be  of  the  general  form  of  expression  (67)  and  thus 
represents  a  linear  function  of  VcT  on  the  normal  probability  scale  of 
Fig.  5.  Since  '\fd  enters  Eq.  (7I4)  in  the  form  V d/m  ,  the  slope  of  the 
detectability  curve  will  vary  with  m,  decreasing  as  m  increases.  Thus  if 
a  family  of  detectability  curves  for  the  sum-and-test  detector  is  plotted 
for  a  fixed  value  of  a,  the  slope  of  each  curve  will  approach  zero  as  m 
becomes  increasingly  large,  as  is  seen  in  Fig.  5.  The  horizontal 
displacement  of  the  curves  is  governed  by  ])“'*' (1  -  2a*)  and  thus  a  family 
of  curves  plotted  for  a  fixed  value  of  m  consists  of  a  set  of  parallel 


lines,  with  the  detectability  becoming  steadily  poorer  as  a"  is  made 
smaller;  this  is  seen  in  Fig.  b. 

Figure  5  shows  that  as  the  uncertainty  about  signal  frequency  increases, 
the  performance  of  the  sum  and-test  detector  declines  more  rapidly  than 
that  of  the  optimum  detector.  In  the  operation  of  the  sum-and-test 
detector,  an  increase  in  the  number  of  possible  values  of  the  signal 
frequency  requires  an  identical  increase  in  the  number  of  noisy  correlator 
outputs  to  be  summed  before  the  threshold  test;  thus  the  post-detection 
INK  varies  inversely  with  is,  as  is  seen  in  Eq.  (?l).  However,  the 
jptir.um  detector,  when  visualized  in  terms  of  its  „symptctic  form,  the 
band-splitting  detector,  effectively  searches  out  the  "best"  ( that,  is, 
the  largest)  of  the  m  outputs  and  then  uses  this  in  the  threshold  test. 


a 
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Increasing  m  simply  increases  the  number  of  test  quantities  among  which 
the  detector  must  search,  but  the  detector  will  still  seek  out  the  "best" 
output  for  use  in  the  threshold  test.  As  more  outputs  are  to  be  examined, 
the  conditional  false  alarm  probability  increases,  therefore  the  threshold 
must  be  adjusted  slightly  upward  to  maintain  the  same  false  alarm  rate; 
this  change  in  threshold  level  leads  to  a  slightly  lower  conditional 
detection  probability, 

A  useful  basis  for  comparison  of  the  optimum  detector  with  the  sum- 
and-test  detector  is  that  of  pre-detection  SNR  or  post-detection  integration 
time  required  for  a  desired  level  of  performance.  This  comparison  is  made 
in  Fig.  6  in  a  plot  of  r  =  d  /d  ,  vs.  m  .  for  a  -  B  =  ,01  ,  where 

d  =  detection  index  required  with  the  sum-and-test 
detector  for  error  probabilities  a  =■  p  =  .01. 

d  =  detection  index  required  with  the  optimum 
p  detector  for  error  probabilities  a  =  p  =  .01. 

Since  the  detection  index  d  is  seen  from  Eq,  (23)  to  depend  linearly  upon 
the  pre-detection  SNR  and  linearly  upon  the  integration  time,  the  ratio  r 
may  be  interpreted  as  either  a  ratio  of  required  input  SNR  for  a  fixed 
integration  time  or  a  ratio  of  required  integration  times  for  a  fixed 
Input  SNR.  It  is  seen  from  the  figure  that  the  ratio  r  increases 
indefinitely  as  the  number  of  possible  values  of  the  signal  frequency 


increases. 


H  -  32 


V,  Conclusions  and  Comments 

The  work  of  this  report  has  shovm  that  the  optimum  receiver  for  the 
detection  of  a  coherent  sinusoid  with  a  discrete  frequency  distribution 
becomes  asymptotically  a  band-splitting  detector  as  the  oost-detsction  SNR 
is  made  large.  The  band-splitting  detection  scheme  is  exactly  equivalent 
to  the  classical  method  of  maximum  likelihood  for  testing  a  statistical 
hypothesis.'  This  can  be  seen  if  the  band-splitting  threshold  test  is 
written  in  the  following  form; 

max  log  L(v,co.  )  <  log  mk 
“i 

or 

max  L(v,co.  )  <  mk 

60. 

1 

The  method  of  maximum  likelihood  is  not  generally  an  optimum  decision 
strategy  in  any  sense  but  gives  satisfactory  performance  in  many  cases 
where  insufficient  a  priori  information  is  available  to  allow  construction 
of  an  optimum  strategy.  It  is  moreover  a  decision  strategy  that  one  ’would 
intuitively  choose  to  detect  a  signal  of  unknown  frequency.  It  is 
especially  satisfying  to  see  that  the  optimum-detector  approach,  as 
followed  in  this  report,  also  leads  to  the  use  of  a  maximum  likelihood 
detector  and  to  see  that  this  detector  is  very  nearly  optimum  in  the 
range  of  post-detection  SNR  which  is  of  particular  interest. 

This  work  can  be  extended  directly  to  the  case  of  an  incoherent 
signal  whose  frequency  (or  center  frequency)  is  given  by  a  discrete 
probability  distribution.  For  such  a  case  the  threshold  test  would  again 
bo  given  by  Eq,  (h)  and  the  threshold  surface  by  Eg.  (5),  with  =  t-x 
in  both  cases.  The  individual  test  quantity  log  L(v,o^)  generally  cannot 

^Reference  h  provides  a  comprehensive  treatment  of  the  subject  of 
h yp oU.es is  testing. 
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be  obtained  in  closed  fora  for  an  incoherent  signal;  however,  in  a  weak- 
signal  situation  log  L(v,ox  )  can  be  expanded  in  a  power  series  and 
satisfactorily  approximated  by  a  quadratic  form.  This  quadratic  form 
would  of  course  have  non-gaussian  statistics,  but  as  the  observation  time 
is  made  long,  the  statistics  would  become  gaussian  by  the  central-limit 
theorem.  Thus  for  weak  received  signal  and  a  long  observation  time,  the 

m -frequency  incohe  t  signal  case  can  be  handled  by  much  the  same 

procedure  as  is  outlined  in  this  report.  The  form  of  the  optimum  detector 
would  again  approach  that  of  the  band-splitting  detector  for  large  post¬ 
detection  SNR. 

If  the  unknown  signal  frequency  is  given  by  a  p„d,f.  over  a  continuous 
range  of  values,  the  test  quantities  log  form  a  non-enumerable  set 
and  the  optimum  decision  scheme  can  no  longer  be  visualized  in  terms  of  a 
coordinate  space.  It  can  be  seen,  however,  that  as  the  f re qu  j icy 
distribution  becomes  continuous  the  band-splitting  detector  becomes  a 
band-sweeping  detector,  which  calculates  log  L(v,w)  as  a  continuous 
function  of  co  over  the  band  of  frequency  uncertainty;  if  this  function 
exceeds  a  preset  threshold  at  any  value  of  w,  the  decision  is  made  that  the 
desired  signal  is  present.  The  specific  problem  of  detecting  a  narrowband 
gaussian  signal  with  unknown  center  frequency  will  be  treated  in  a  later 


report. 
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Appendix  A  A  Small-Signal  Approximation  to  the  Optimum  Detector 

In  the  optimum  detection  of  a  signal  with  imknown  parameters,  the 
detector  must  calculate  the  average  LR 


/ 

i(v )  =  (exp  J -  ^  s  !K~^s  +  s  'f\ 


where  ^  j  implies  ^  ),  .  If  the  exponential  in  Eq.  (A-l )  is  expanded  in 
a  power  series,  the  average  over  signal  parameters  taken  term  by  term,  and 
the  function  log  t(v)  expanded  in  a  second  power  series,  the  result  is 


log  l (v )  =  -  i  (/£,K~1s\  +  +  i  ((s'K^v)  \  -  /s'K  ^v\  +  O(s^) 


(A-2) 


In  the  weak-signal  situation,  the  major  contribution  to  log  ^(v)  is  from 


the  coherent  term  /s'K  v\  .  As  an  approximation,  the  terms  of  the  order 


s  can  be  replaced  by  their  averages  taken  with  noise  only  present.  These 
averages,  together  with  the  term  -  ^  <4 'K^s  )  ,  are  then  taken  as  bias 
terms  in  threshold  test.  The  three  bias  terms  are  thus 


- 1  (s-r1-)  ■  A  £  Vj  h{1 


(A -3) 


-1 
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~4fcy 


If  the  signal  is  a  sinusoid  of  known  amplitude  and  phase  with  an  unknown 
frequency  given  by  a  discrete  distribu tirn,  then 


■ 


a 
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Frou  Eqs ,  (11 )  and  (11 ), 


Therefore  the  weak-signal  approximation  leads  to  the  threshold  test 

(A -13) 

As  an  example,  let  m  =  2  .  The  detector  then  performs  the  threshold 

test 

log  Li  +  log  L2  ^  2  log  k  -  ^ 

If  log  and  log  are  considered  as  coordinates  in  a  two-dimensional 
decision  space,  the  curve  dividing  the  space  into  "signal"  and  "no  signal" 
regions  is  given  by- 

log  +  log  =  2  log  k  -  ^  (A-lh) 

This  is  seen  to  be  a  straight  line  with  slope  -1. 


8 


H  -  38 


Appendix  P  Error  Probabilities  for  a  Band-Splitting  Detector  with 
Independent  Outputs 

The  conditional  error  probabilities  are  derived  for  a  band-splitting 
detection  scheme.  The  following  events  are  defined: 

Sq  =  Event  that  noise  only  is  present 

S,  =  Event  that  signal  is  present  with  frequency  w. ,  i  =  l,2,,.,,m 

X  •*» 

E  =  Event  that  all  m  cutouts  lie  below  the  fixed  threshold  value 
o 

E.  =  Event  that  the  ita  output  exceeds  its  threshold  value, 
i  =  1,2, . . ,,m 


False  Alarm 

The  conditional  false  alarm  probability  is  given  by 


a  =■  P  [at  least  one  output  exceeds  its  threshold  value,  given 
that  noise  only  is  present] 


a 


m 


i=l 


1  - 


(B-l) 


If  the  m  outputs  are  independent,  the  probability  of  an  event  E^  is  not 
affected  by  the  presence  or  absence  of  signal  at  any  frequency  other  than 
Thus 

P(ys0)  =  P(E./S^)  (B-2) 

The  right-hand  side  of  Eq.  (B-2)  is  seen  to  be  the  conditional  false  alarm 

t,h 

probability  for  the  threshold  test  at  the  i"  frequency,  that  is 

H  r-  +■ 

p  (E  /S  )  =  a  =■  P  I  the  i  “  cutout  exceeds  its  threshold,  given 
*  1  L  th.at  no  signal  is  present  with  the 

frequency  qj  (B-3) 


II  ~  3? 


Thus,  from  Eqs,  (B-l),  (B-2),  and  (B-3), 


ill 

rrp 

1-|  (1  -  a±) 


(B-U) 


If  a,  has  the  same  value  for  i  =  l,2,..,,m,  then 


a  =  1  -  (1  -  f1 


(B-5) 


False  Dismissal 


The  conditional  false  dismissal  probability  is  given  by 

P  =  P  [all  m  outputs  lie  below  the  fixed  threshold  value, 
given  that  the  signal  is  present  at  any  one  of  the 
possible  frequencies] 

-  P<EA  *  s2  *  ••• +  V 


(B-6) 


If  all  m  outputs  are  independent  and  have  the  same  mean  and  variance,  the 
probability  of  the  event  Eq  in  the  presence  of  signal  is  independent  of 
the  signal  frequency.  Thus 


P(E0/S1  +  S,  +  ...  +  SJ  -  P(E0/S.)  i  =  1,2, ...,m  (B-7) 


From  Eqs.  (B-6)  and  (B-7)  and  the  definition  of  E  , 


p  ■  fiysj) 


i  =  1,2, ...,m 


P(Ej*,  E2*,  1  -  1,2,...,. 


(B-6) 


Since  the  outputs  are  independent. 


P(E  7s  ) 


i  °  1 , 2 , . . . ,  m 


(B-9 ) 


d 
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For  i  a  j  , 

P(E  ^/S.)  =  p .  =  P  [the  output  is  below  its  threshold,  given 
^  ^  ^  that  a  signal  is  present  at  the  frequency  co^j 

and  for  i  /  j  , 

P(E^/S.)  =  P(E."/S.J")  =  1  -  a .  (B-10) 

The  first  equality  in  Eq,  (B-10)  follows  from  the  fact  that  the  event 

is  independent  of  the  presence  or  absence  of  signal  at  any  frequency 

other  than  oo..  Since  8.  is  assumed  to  have  the  same  value  for  all 
3  P3 

j  =  1,2,... ,m  and  a,  the  same  value  for  all  j  =  l,2,,,.,m  ,  Eq.  (B-9) 

3 


can  be  rewritten  as 


H  -  111 


List  of  Symbols 

d  =  detection  index  or  post-detection  SNR 

K  =  noise  covariance  matrix 

k  =  a  threshold 

L (X> )  =  livelihood  ratio,  given  the  signal  frequency 
£(v)  =  average  likelihood  ratio 

m  =  number  of  possible  values  of  the  signal  frequency 

N  c  noise  variance 

2 

Nq  =  noise  spectrum  level,  v  /rad/sec 

n  °  number  of  time  samples 

n  =  noise  vector 

0(x)  3  "at  most  on  the  order  of  x" 

r  =  ratio  of  detection  indices 

s  =  desired  signal  vector 

s(t)  =  desired  signal  process 

T  =  observation  time  of  received  signal 

v  =  received  signal  vector 

a  =  conditional  false-alarm  probability--noise  only  present 

=  a  fixed  value  of  a. 

G  c  an  u.;k.  cvr.  signal  parameter 

p  =  conditional  false -dismissal  probability--signal  and  noise  presen' 

^(x)  =  formal  Probability  Integral 


(jT^(x)  =  Inverse  Normal  Probability  Integral 

a ^  =  a  signal  frequency 

tr  A  =  trace  of  matrix  A  =  sum  of  diagonal  terms  - 

(  )  a  conditional  average --noise  only  present 

'  N 

/  \  =  conditional  average--a  signal  and  noise  present 

\  'S^N 

Abbreviations 

LR  =  likelihood  ratio 

p.d.f.  =  probability  density  function 

SNR  a  signal-tc-noise  ratio 


H  -  h3 


References 


1.  Levesque,  At  H.,  "Optimal  Detection  of  a  Sinusoid  with 
Unknown  Frequency  and  Phase,"  Progress  Report  No,  8, 
General  Dynamics/Electric  Boat  Research,  Yale  University, 
November  1°63. 


2,  Levesque,  A.  H.,  "Likelihood  Ratio  Detection  for  Long 
Observation  Times,"  Progress  Report  No,  lU,  General 
Dynamics/Electric  Boat  Research,  Yale  University, 

May  196U. 


3.  National  Bureau  of  Standards,  Tables  of  Normal 
Probability  Functions,  Applied  Mathematics  Series, 
No.  23,  Washington,"  1953. 


li,  Lehmann,  E.  L.,  Testing  Statistical  Hypotheses,  J.  Wiley 
and  Sons,  New  York,  1959. 


i 


« 


u 

a! 


f 


i  I 


AN  ANALYSIS  OF  BEARING  ERRORS 
DUE  TO  CLIPPING  AND  SAMPLING 
IN  THE  PUFFS  SONAR  SYSTEM 

Ny 

Theron  Usher,  Jr. 


% 


Progress  Report  No.  l6 
General  Dynandcs/Elcctric  Boat  Research 
(53-00-10-0231) 

June  I96I1 

DEPARTMENT  OF  ENGINEERING 
AND  APPLIED  SCIENCE 

YALE  UNIVERSITY 


& 


1 


I.  Introduction 


The  description  of  the  PUFFS  sonar  system  which  follows  applies  to  the 
block  diagram  of  the  system  found  in  Fig,  1, 


W0X-1A  Tracker 


J 


Figure  1  PUFFS  Sonar  System 
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The  electrical  outputs  of  the  transducers  are  passed  through  identical 
amplifiers  and  filters  in  each  channel.  The  frequency  response  characteristic 
of  the  amplifier  and  xilter  combination  is  chosen  to  mo "e- or -less  enhance 
the  signal-to-noise  properties  of  the  received  signal,  ^  The  amplifier 
output  in  the  upper  channel  contains  a  signal  component  generated  by  a 
target  in  the  water  and  a  contaminating  noise  component.  The  amplifier 
output  ;n  the  lower  channel  contains  a  delayed  version  of  the  signal  in  the 
upper  channel  in  addition  to  a  noise  component. 

The  outputs  of  both  amplifiers  are  then  processed  by  Delay  Line  Time 

(2)  (3 ) 

Compressors  (CELTIC),  which  are  described  in  the  literature,  A 

DELTIC  has  two  modes  of  operation,  the  loading  mode  and  the  storage  mode. 

In  the  loading  mode,  the  DELTIC  samples  the  clipped  version  of  the 
input  signal  at  uniform  intervals  of  time.  The  sample  pulse  circulates 
around  an  acoustical  delay  line  and  appears  at  the  output  just  before  the 
next  sample  is  taken.  The  next  sample  pulse  then  circulates  around  the 
acoustical  delay  line  with  the  previous  sample  pulse,  and  the  process  is 
repeated.  At  the  beginning  of  the  n  sampling  interval  the  first  sample 
pulse  ha3  recirculated  and  precessed  an  amount  of  time  almost  equal  to  a 
sample  period.  VJhen  the  (K  +  l)^  sample  is  taken,  the  first  sample  pulse 
is  discarded.  Each  time  a  new  sample  is  taken,  the  K  ^  previous  sample  is 
discarded  so  that  the  acoustic  delay  lino  holds  the  previous  (K-l)  samples 
in  the  proper  time  sequence,  but  with  their  time  scale  compressed  by  a 
factor  K. 

In  the  storage  mode  the  DELTIC  merely  recirculates  K  pulses  through 
the  acoustic  delay  line  without  the  precession  encountered  in  the  loading 
mode.  The  acoustical  delay  is  increased  '•lightly  to  accomplish  this,  and 
the  input  samples  are  discontinued. 
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In  the  PUFFS  system  shown  in  Fig.  1,  DELTIC  2  is  operated  continuously 
in  the  loading  mode,  DELTIC  1  is  operated  alternately  in  the  loading  and 
storage  modes.  The  loading  mode  lasts  for  K  sample  periods  and  the  storage 
mode  for  K  sample  periods, 

During  each  sample  period  occurring  in  the  storage  mode  time  of 
DELTIC  1,  the  sequence  of  positive  and  negative  unit  pulses  from  both  DELTIC 
units  are  multiplied  and  the  products  summed.  In  this  fashion  an 
approximation  to  the  correlation  function  between  the  signals  in  both 
channels  is  obtained. 

The  nonlinear  tracker  is  also  described  in  the  literature,  4 '  The  K- 
point  correlation  estimate  is  smoothed  and  fed  to  a  device  which  measures 
the  area  of  the  correlation  function  for  a  given  time  interval  centered  to 
the  right  of  a  given  time  coordinate _  and  subtracts  from  that  the  area  of 
the  function  for  the  same  time  interval  to  the  left  of  the  given  time 
coordinate.  If  the  sign  of  the  difference  is  positive,  the  time  coordinate 
is  shifted  in  the  positive  direction  a  fixed  amount,  and  the  same  measurement 
is  taken  on  the  K  point  correlation  estimate  generated  during  the  following 
storage-mode  time  of  DELTIC  1,  For  a  negative  difference,  the  tracker  time 
coordinate  moves  the  fixed  amount  in  the  negative  direction  for  the  next 
measurement . 

In  tills  fashion  the  tracker  automatically  seeks  a  time  coordinate  for 
which  the  output  of  the  gate  circuit  has  an  average  value  of  zero.  The 
tracker  output  should  then  be  a  good  estimate  of  the  time  at  which  the  peak 
of  the  correlation  function  for  £(t)  and  $-(t)  occurs,  and  therefore  an 
estimate  of  the  relative  time  delay  between  the  signal  components  in  both 


channels. 


At  least  two  analyses  to  determine  the  random  bearing  errors  generated 
by  the  PUFFS  system  have  been  carried  out.  ^  Ostrander  and  Rae  assume 
linear  processing  of  the  input  signals,  without  clipping  or  sampling,  They 
obtain  a  relationship  for  the  random  bearing  error  generated  by  a  gate 
circuit  centered  at  the  peak  of  the  correlation  function.  In  their  analysis 
the  width  of  the  gate  is  assumed  to  be  small  relative  to  the  correlation  time 
of  the  signal.  The  tracker  operation  is  not  considered  in  the  analysis. 

In  reference  (6)  the  infinite  clipping  is  mentioned,  but  sampling  is 
not  considered.  The  gate  circuit  has  a  width  approxii  itely  equal  to  the 
correlation  time  of  the  signal  and  the  nonlinear  tracker  operation  is 
included  in  the  analysis.  The  analysis  in  reference  (6)  also  contains  a 
treatment  of  the  problem  of  determining  maximum  bearing  rates.  If  the 
target  is  moving  such  that  the  bearing  rate  is  constant,  the  operation  of 
the  W0X-1A  tracker  produces  a  steady  error  between  actual  bearing  and 
estimated  bearing.  In  reference  (6),  the  bearing  rate  that  causes  the  sum 
of  the  steady  error  and  three  times  standard  deviation  of  the  random 
component  to  equal  the  bearing  error  for  maximum  output  of  the  gate  circuit 
is  defined  as  the  maximum  bearing  rate.  This  seems  to  be  a  useful  rule-of- 
thumb  definition, 

In  following  sections,  the  effects  of  infinite  clipping,  sampling,  and 
the  nonlinear  operation  of  the  tracker  are  combined  and  analyzed  to 
determine  the  random  bearing  error.  The  results  are  compared  to  those 
given  by  Ostrander  and  Rae  in  order  to  evaluate  the  degradation  caused  by 
clipping  and  sampling. 


i-5 


II.  Correlation  Estimate  of  the  DBLTIC 

From  Fig.  1,  the  outputs  of  the  amplifiers  following  the  hydrophones 
are  given  by  s(t)  +  n^(t)  and  s(t~5)  +  n2(t)  respectively.  It  is 
assumed  that  the  frequency  response  characteristics  of  both  amplifiers  are 
adjusted  to  enhance  the  detection  of  the  signal  components.  ^  The  outputs 
of  the  infinite  clippers  are  given  by 


x(t)  =  sgn  |s(t)  +  n1(t)|  (1) 

$■( t)  »  sgn  |s(t-6)  +  n2(t)j  (2) 

As  e:qplained  in  the  previous  section,  the  output  of  the  sampler  and 
recirculating  memory  of  each  DELTIC  is  actually  a  time-compressed  series  of 
pulses.  The  sampler  obtains  samples  T  seconds  apart  and  these  pulses  are 
recirculated  so  that  K  pulses  are  compressed  into  one  sample  period. 

For  DELTIC  2,  which  is  continuously  operated  in  the  loading  mode,  the 
compressed  output  may  be  expressed  by 


yc  j(m  +  l)T  -  k aJ  c  y  (m-k)T 


(3) 


For  DELTIC  1,  the  operation  is  alternately  in  the  loading  mode  and  the 
storage  mode.  Since  computation  of  the  estimated  cross -correlation  function 
only  takes  place  in  the  period  for  the  storage  mode,  the  compressed  output 
of  interest  is 


a 

x 

c 


ka 


Oi) 


In  addition, 

k,m  =  0,1,2.. (K-  1) 

and 


T  =  K  A 


(5) 


The  polarity  coincidence  indicator  and  sunnier  in  Fig.  1  operates  on 

the  pulses  in  each  interval  T  of  the  comures sed  functions  x  and  y  so  as 

■  c  c 

to  produce  a  running  estimate  of  the  correlation  function  of  the  clipped 
signals  x(t)  and  y(t).  The  estimate  is  given  by 

K-l 

R(mT )  =  i  V  x  (m  +  1  )T  -  kA  y  (m  + 1  )T  -  kA 

A  C  |  C  [ 


=  i  ^  x  j^-krj  y  (m-k)Tj 


m  =  0,1,2, ... ,K  -  1 


The  relationship  of  $(mT),  hereafter  designated  by  R^,  to  the  properties 
of  the  functions  at  the  inputs  of  the  infinite  clippers  in  Fig.  1  is  found 
by  substituting  Eqs.  (l)  and  (2 )  into  Eq.  (6)  and  finding  the  mean  value  of 
the  result: 


'a 

1 

K-l 

ST7 

r  f 

R 

rn 

=  K 

k=0 

jsgn  : 

-  kT )  +  n2  (mT  -  kT  )j 


The  value  of  each  term  in  Eq,  (7 )  is  given  by  the  well-known  inverse 
(7  ) 

3ino  relationship w  '  found  in  Eq.  (8). 


'  1  2  .  S 

i  -  -  arcsm  <  — — — — 

!,1J  n  (s  +  n1)1/2(s  + 

v. 


pfmT  -  6) 


In  Eq.  (8)  S,  N, ,  and  N0  are  signal  and  noise  powers  respectively  and  p 
is  the  normalized  autocorrelation  function  for  the  signal  after  the  spectrum 
shaping  by  the  amplifier  in  Fig.  1.  It  is  assumed  that  n^(t)  and  ^(t)  are 
uncor related,  and  that  signal  and  noise  are  gaussian  and  stationary. 
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If  the  noise  powers  are  equal  and  if  S  «  N  as  is  the  case  for 
threshold  detection,  Eq.  (8)  reduces  to 


e[r  1=  -  «  p  fnff  - 
raj  ji  N  rs ' 


ra  =>  0,1, ...,K-1 


From  Eq,  (9)  it  can  be  seen  that  the  expected  value  of  tie  K-point 
correlation  estimate  is  very  simply  related  to  the  autocorrelation  of  the 
signal  for  threshold  situations. 

III.  Expected  Gate  Circuit  Output 

The  K-point  correlation  estimate  derived  in  Section  II  is  actually  a 
time  series.  This  time  series  is  smoothed  to  a  continuous  curve  before  it 
is  applied  to  the  gate  circuit  of  the  tracker.  For  the  purposes  in  this 
report,  it  will  be  assumed  that  the  K-point  correlation  estimate  is  smoothed 
by  a  triangular  interpolating  function.  The  input  to  the  gate  circuit 


is  then 


•  £ 


v  ?  - m 


where 


f(a)  = 


The.  function  f(a)  is  shown  in  Fig.  2, 


1  ~  G 


a  <  1 


a  >  1 


wtmrmmam 


»' 
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Figure  2  Triangular  Interpolating  Function 


The  output  of  the  gate  circuit  is  defined  by 


P<V 


R(t )  dt  +  R(t )  dt 


m  dt  + 


T  )  R 


f(a)  da  +  /  f(a)  da 


Using  the  result  in  Eq.  (9)  for  j?  «  1  ,  we  find  that  the  expected  value 
of  the  oulput  of  the  gate  circuit  is  given  by 


E  F(t  ) 

e 


K-l 


f (a)  da  +  /  f (a)  da 


t 

-n. 


3 
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Also  of  interest  later  in  the  system  analysis  is  the  slope  of  E 
at  the  primary  null  response  of  the  gate.  The  primary  null  response  occurs 


F(t  ) 
v  6 


for  t  .  The  slope  is  computed  for  two  cases,  6  being  an  integral 
g 

multiple  of  T,  and  5  being  an  odd  half-integral  multiple  of  T,  For  these 


cases  the  null  response  occurs  exactly  at  t  =■  6  .  Thus 

o 


g 

If  G  «  T  ,  the  value  of  Eq,  (lij )  is  greatly  determined  by  uhe  shape 
of  the  interpolating  function,  and  since  the  choice  of  this  function  is 
arbitrary,  the  results  would  not  be  very  useful.  If  G  is  an  integral 
multiple  of  T,  the  value  of  Eq,  (lij)  is  not  dependent  on  the  shape  of  the 
interpolating  function,  as  long  as  the  function  is  zero  for  integral  values 
of  a. 


If  ^  is  an  integer  mQ,  then  moT 

Q 

values  of  becomes 


6=0  and  Eq.  (lh)  for  integral 


dF 

ar 


,  2  S 

"  -  2  •  n  a 

’l  -  ps(G). 

t  =6 

G 

g 

7 

B 


1,2,3,. 


(15) 


Q 

In  the  derivation  of  Eq,  (15)  it  is  also  assumed  that  m  -  ^  >  C  and 

m  v  £  <  K  - 1  . 

0  i  — 

If  ^  is  an  odd  half-integer  mQ  +  ^  ,  then  m^T  -  6  =  £  T  ,  and 

Q 

Eq.  (lh)  for  integral  values  of  >=?  reduces  to 
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2  3  |1 

"  n  N  2ps'  2  T 


|-pjG-fT|  -  Ps(o  *  |t’ 


'V6 


In  the  derivation  of  Eq,  (16)  the  facts  that  f(a)  and  p  (x)  are  even 
functions,  and  that  f{t  ^  are  utilized.  Equations  (l$)  and  (16) 
hold  for  other  interpolating  functions  *ust  as  long  as  f(a)  ■=  0  for 
|  a  |  >  1  ,  and  f  ( £  |  = 


IV,  Variance  of  Gate  Circuit  Output 

The  variance  of  the  gate  circuit  output  is  needed  with  the  results 
from  the  previous  section  to  compute  the  bearing  error  represented  at 
the  output  of  the  gate  circuit.  It  will  be  assumed  that  threshold 
conditions  exist  such  that  S  «  N  .  This  makes  the  mathematical 
derivation  of  the  variance  of  the  gate  circuit  tractable  since  only  noise 
X  noise  terms  are  considered. 


The  square  of  the  output  of  the  gate  circuit  i3 


_1  > 

=r—  ••  v 


G+t 


K"1K“1,  C  f  r‘  f 

F2(t  )  -  T2^  ^  -  /  f (a)  da  +  /  f(a)  da  ~  j  f (a)  da  +  /  f(a) 

*=0  nK)  I.  I  K.,  1 


4^ 


t 

$  -m 


The  expected  value  of  F'_(t  )  is  the  variance  required,  since  the 
computation  is  done  in  the  absence  of  signal.  The  only  random  variables 

A  A 

in  Eq,  (17 )  are  R^  and  R  .  The  integrals  depend  only  on  the  assumed 

fA  A  1 

interpolating  functions.  The  computation  cf  E  follows  from  Eqs. 

(1),  (2),  and  (6). 


t 
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Since  n^(t)  and  ^(b)  are  uncorrelated,  and  if  both  have  the  same 
spectral  characteristics,  Eq.  (18)  simplifies  to 


f 

] 

j)T 

>  arcsin< 

p 

pn 

(k  ~  j  -  m  +  iys 

l 

J 

(19) 


Equation  (19)  appears  extremely  complicated,  but  many  terms  for  the  summation 
indices  m  and  v  are  absent  because  the  multipliers  in  Eq.  (1?)  vanish. 
Combining  the  results  of  Eq.  (19 )  with  those  in  Eq.  (17),  we  have 


2  T' 
n  K I 


T  *  T 


r 

G 

T  ’  T 


£E>v 


j  ^k-j-m+£ 


m 


3  k 


(20) 


where 


-m 


..  G 
p  )  t 


-m 


G+t 


I  f(a)  da 
-G+t 

R 


-m 


(a)  da 


(21) 


and 


arc  sin  (kT  ) 


1 


(22) 


The  weighting  function  A  is  evaluated  in  Table  1  for  several  Integer 


values  of  ~  at  half-integer  values  of  -5  -  n 


llote  that  the  weighting 


functions  have  odd  symmetry.  Since  the  correlation  functions  p 


k-j-m+ 1 


O  |E-h 
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are  functions  of  (m  -  t)}  it  is  convenient  to  evaluate  the  double  summation 
over  £  and  m  by  considering  terms  of  the  type  (m-  i)  =  0  f  (m-  t)  «  +  1  , 
(m  -  £)  =  +  2  ,  etc.  Letting  (m-  £)  =  a  ,  we  have 


...  K-l 


°f2<V 


2  T  y  \ 
n  K  Li 


G  tg 

ip  ,  -7p~m  +  a 


2  Is 

T  ^  T  ** 


m 


m=0  a 


K-l  K-l 

<L  \j  ^k-j  ^k-j-a 
3=0  k=0 


(23) 


The  limits  for  the  summation  index  a  are  not  defined  because  only  a  few 
values  of  m  and  l  in  Eq.  (20)  produce  non-zero  values  of  the  product  of  the 
weighting  functions.  It  is  assumed  that  the  double  summation  over  m  and  a 


G  \  .  1 

[G  tg 

j  j  y  -  m  +  a^ 

1  ^ 

f  >  T  “m 

""gX.  tg 

-h 

-3.5 

-3 

-2.5 

-2 

-1-5 

-1.0 

-.5 

0 

1 

0 

0 

0 

0 

0 

l 

B 
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2 

5 

B 

0 

2 

0 

0 

0 

1 

B 

1 

? 

7 

B 

1 

3 

H 

0 

3 

0 

1 

B 

1 

2 

7 

B 

1 

1 

1 

3 

B 

0 

Table  1  Values  of  weighting  function  for 
triangular  interpolating  function 


The  product  A 


G  J5 
T  •»  T 


-  m  +  a 


A 

[g  ^5 

|  t  >  p  ~  ^ 

is  shorn  in  Table  2  for 


=  1  and  various  values  of  a.  The  indicated  summation  over  index  m  in 

Eq.  (23)  is  also  executed  in  Table  2.  The  coefficients  generated  arc 

dependent  on  the  position  of  the  gate  center,  t  ,  relative  to  the  estimate 

G 


points.  Two  conditions  are  considered:  the  gate  center  halfway  between 


1 


two  correlation  ostiraate  points,  and  the  gate  center  coincident  with  an 
estimate  point.  It  is  interesting  to  note  that  the  sum  of  coefficients 
for  all  values  of  a  is  always  zero. 
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Tablo  2  Non-zero  products  of  weighting  functions 
for  different  a,  G/T  =  1 


From  Table  2,  for  the  case  in  which  t  is  coincidont  with  an  estimate 

g 


point  (t7/T  an  integer),  Eq,  (23)  reduces  to 


K-l  K-l 


2  2  T 


2  ^  rn  ^ 

nt  L  L  ?  "  ^k-j+2  ^ 

0-0  k-0 


tor  t  halfway  between  estimate  points  (t  r/T  a  half-integer ),  we  have 

g  t 


9  K-l  K-l 

!  2  T  Z  51  V 

26  15  10  1 

In  K  L  L.  ^k-j 

32  ht-j  ”  32  ‘Vj+l  “  32  hc-j+2  "  32  ^k-j+3 

j-0  k=0 

Combining  the  coefficients  for  positive  and  negative  values  of  a  is 
possible  because  p.  is  an  even  function. 
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If  K  is  very  large,  and  if  ^  is  essentially  zero  for  k  much  smaller 
than  K,  then  it  can  easily  be  shown  by  expansion  of  a  double  series  of  the 
type  in  Eq.  (2I4)  that 


K-l  K-l 


Z  Z  -  hc-j+2r^  =  K  Z  H:  i  ^k+2r^  +Z  K:  “  ^2r-k'  ^M^r  - 

j=0  k=0  |k=0  k=l 

(26) 


K-l  K-l 


Z  Z  ^k-o^lc-o  i  ^k-j+2r-l^  =  K  Z  H  *  Mk+2r-l')  +  Z  ^k  -  ^2r-l-k^ 

j=0  k=0  k=0  k=l 


where 


r  =  1,2,3,...  (r  «  K) 


The  approximations  in  Eqs.  (26)  and  (27)  arc  such  that  the  left-hand 
sides  arc  slightly  less  than  the  right-hand  sides  because  terms  are  added 
to  the  left-hand  sides  to  satisfy  the  approximations ,  Only  the  first  few 
terms  in  the  approximations  are  significant,  however. 

Applying  the  approximations  in  Eqs.  (26)  and  (27)  to  Eqs.  (2I4)  and 
(25),  wc  have 


2 

2  T 
n  K 


K 


jv  r  -1 

V  15/  \2  10/  \2  1  /  \2  1  /  v 

Zj  32  ^k  "^k+l  +  32  ^Lk  "hc+2  '  32^k"^k+3  32^1  "^2' 


(29)' 


over 
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The  two  results  for  the  variance  oi  the  gate  output,  corresponding  to 
Eqs.  (2U )  and  (2£),  are 


2  K-l  K-l 

L  L  ^k-j  +  2  ^k-j+l"2  j+2  "  2  hc-j+3”'^  ^k-j+1^ 

0=0  k=0 

G_J  (30) 

T  " 

and 


K-l  K-l 


2  |  2  T 


L  L  V^2,6^k-j+  1,9Sc-j+l'  2,2^k-j+2  ’1,91hc-;J+3 
0=0  k=0 

-‘•'“‘k-jtl.--03 


Note  that  tho  coefficients  of  the  conesponding  terms  in  Eqs.  (30)  and  (31) 
are  much  more  nearly  equal  than  those  in  Eos.  (2k)  and  ( 2 5>).  As  ^  increases, 
dependence  of  the  coefficients  on  the  position  of  the  gate  center  diminishes. 
With  the  approximations  in  Eqs.  (26)  and  (27),  Eq.  (30)  simplifies  to 


Equation  (31)  will  not  bo  considered  further  because  it  is  nearly  tho  same 
as  Eq.  (30). 

It  is  also  interesting  to  sec  tho  effects  of  the  shape  of  the  assumed 
interpolating  function  on  tho  value  of  the  variance  of  tho  gate  output.  For 
this  purpose,  the  rectangular  interpolating  function  shown  in  Fig.  3  is  used. 
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Figure  3  Rectangular  Interpolating  Function 

The  weighting  function  defined  in  Eq.  (21)  for  the  arbitrary- 
interpolating  function  is  evaluated  in  Table  ij  for  the  rectangular 
interpolating  function. 


Table  I4  Values  of  weighting  function  for 

rectangular  interpolating  function 


Jjr,TjP-m  +  a  A  ^  -  1:1  is  shown  in  Table  $  for  ^  =  1  and 

G 

of  a.  In  Table  6  the  same  product  is  evaluated  for  ^  =  2  . 
The  summation  indicated  over  index  m  in  Eq.  (23 )  is  also  evaluated  for 
integer  and  half-integer  values  of  in  Tables  $  and  6. 


The  product  A: 
various  values 


<— l|CvJ  r~ I  lC\J  1 — I  |c\I 
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From  Table  5>  the  variance  of  the  gate  output  for  .integer  and  half¬ 


integer  values  of  t  /T  respectively  can  be  shown  to  be 


K-l 


2  T' 


n  K 


Z  Is 


-ii  k  )  stuk  -ii^r 


k=0 


S_-1 

T  “  1 


(33) 


9  m  1 

/  r1  9 

C  x  1 

* 

K  )_j  2^k  “  ^k-'-l^ 

2  =  i] 

•  I 

k-0 

1 

Oh) 


Equation  (33)  is  identical  to  Eq,  (28),  but  Eq.  (3U )  is  considerably  different 
from  Eq.  (29)  and  Eq.  (33). 


From  Table  6,  for  =  »  2  ,  it  can  be  seen  that  the  variance  for  integer 


values  of  t  /T  is  identical  to  that  of  the  corresponding  case  for  tho 
& 


triangular  interpolating  function.  In  fact,  the  variance  for  integer  valuos 

G 


of  t g/T  for  all  integer  values  of  ~  can  be  shown  to  be  independent  of  the 
shape  of  the  interpolating  function,  as  long  as  it  is  syr, metrical  and  zero 
for  ) a |  >  1  . 


For  half-integer  values  of  t  /T  the  variance  may  be  shown  to  be 

2 


approximately 


K-l 


F 


2  T 
n  K 


k=o 


L  2^k  +  lVl')  +  l*'lAk"li!c+2^  +  2^k"M'k+3^  “  8  ^k 


+  l^o  + 


2  (p  -  |ip  )  [ 


(39) 


An  examination  of  the  coefficients  in  Table  6 


2=2 

T 


for  half- 


integer  values  of  t./T  shows  that  they  aro  closer  to  those  for  integer 

D 


values  of  t  J T  than  those  listed  in  Table  9 


G  1 
T  1 


However,  the 


G 


convergence  of  both  sots  of  valuos  for  increasing  ft  is  not  as  rapid  for 


4 

p 


M 

1 


W  ; 

I 

I 


m 

•  'hk 


a 
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the  rectangular  interpolating  function  as  it  is  for  the  triangular 

interpolating  function.  Evidently,  the  dependence  of  the  variance  on  the 

position  of  t  relative  to  the  estimate  points  diminishes  as  ^  increases 
6 

and  as  the  interpolating  function  be comes  smoother. 

V.  Bearing  Error  at  Output  of  Gate  Circuit 

(9) 

From  previous  work,  bearing  error  or  uncertainty  has  been  defined 

by  a  relation  similar  to  the  one  found  in  Eq.  (36). 

-1 


c 

dF 

H  aF 

dt 

g 

0 

(36) 


In  Eq.  (36),  c  is  the  speed  of  sound  in  the  medium  and  d  is  the  separation 
between  transducers  in  Fig.  1.  The  relation  holds  for  small  bearing  angles. 

The  following  equations  arc  the  results  of  substituting  Eqs.  (28), 

(29),  (32),  (33),  (3U),  (35),  (15)  and  (16)  into  Eq.  (36). 

For  both  interpolating  functions  and  integer  values  of  t  /T,  wo  have 

o 


rK-l 

£ 

c  T  /H|  Lk=0 


\  -  H  ^1/2  is 


U-JL 

£  \  s 


,ak+2  ^ 


1/2 


Tl  -  P_(T) 

iD 


(37) 


-  =  1 
T  x 


and 


c  T 
K] 


\  =  a  7172 


K-l 


J 


EK^1)2  +  2(lV1V2)2  +  2K-^k+3)2  +  •5(V‘W 

-  8  Pk2|  +  ^  ^Q2  -h  2(ii1-p2)2  +  .5^ -\Ljf 


1  -  PS(2T) 


I  G 


=  2 


(38) 


if 


B 


roll-1 


EXK'tfBI  i 
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/*» 

For  half -integer  values  of  t ^/T,  and  ^  =  1  ,  uo  have 


a, 


c  T  N] 
02  “  d  ^172  (S 


"K"1 (  , 

^JlS/  >2  10/  \2  1  /  \2| 

L  (32  ^k  “  1‘Lk+l '  32  ^k  ’  hc+2  '  3?H“  **k+3  ' 

\  Lk=0  ^  J 

)2 

1/2 

r  _  .  -1 

and 


p„i^|-ps||t 


09) 


(triangular  interpolating 
function ) 


or 


2  a  K 


c  T  IN 

dPT^Is 


K-l 


lV2 


E 


Lk=0 


p.ilTl  -  pJl1! 


(to) 


(rectangular  interpolating 
function ) 


Finally,  for  half-integer  values  of  t  ./T,  ryr  =  2  ,  and  the  rectangular 
interpolating  function,  we  have 

K-l ,  , 

E  l2  H  +  Vl )2  *hK-  hc+2  )2  *  2  (lik  -  “k+3 )2  -  Hi  +  ^o2  *  2  (|11^2 J‘ 

u=n  v  ' 


c  T  /N lk=0 

°02ad^I75lsl - 


(la) 


In  the  section  that  follows,  numerical  evaluation  of  Eqs.  (37)  through 


(hi)  is  presented. 
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VI.  Numerical  Samples 

In  this  section,  specific  functions  arc  assumed  for  the  normalized 
correlation  functions  for  signal  and  noise,  typical  values  are  assumed  for 
the  parameters  of  the  CELTIC,  and  the  corresponding  bearing  uncertainties 
at  the  output  of  the  gate  circuit  are  computed.  The  results  are  compared 

tr*  \ 

to  those  obtained  by  Ostrander  and  Rae^'  for  the  linear  system,  and  by 
Usher for  a  null-output  split-beam  system.  For  the  purposes  of 
comparison,  equivalent  observation  times  and  identical  array  configurations 
are  assumed. 

The  signal  and  noise  spectral  densities  are  assumed  to  be  identical, 
except  for  power  level,  each  being  given  by 


and 


<iCO 


CO  <  CO 


Gg(“)  =  < 


CO  >  CO 


JL 

2co 

o»  =  {  0 

0 


CO  <  CO 


CO  >  CO 


(U2) 


0*3) 


The  normalized  autocorrelation  functions  for  signal  and  noise  follow. 


sin  co  x  /co  t 

P  (t)  =  p  (t)  =  - -  =  sinci— 

y  n  oo  x  Vn 

o 


m 


These  assumptions  arc  fairly  realistic  in  that  signal  and  noise  arc  whitened 

by  the  amplifiers  end  spectrum  shapers  in  Fig.  1  to  an  upper  frequency 

(10 ) 

limit  determined  by  the  target  range. 
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V  -  £  ,  from  Eos.  (22)  and  (yij.)  we  have 


k 


arcsin 


(Ii5) 


The  values  of  are  listed  in  Table  ?. 


k 

0 

1 

2 

3 

k 

5 

6 

7 

8 

9 

1.57 

.692 

0 

-.213 

0 

.127 

0 

-.091 

0 

.078 

Table  7  pi,  as  a  function  of  k  for  co  T  =  5 
K  0  c. 


The  results  in  Eqs,  (37)  through  (hi)  have  been  computed  and  the 

a  yl/2  c; 

normalized  bearing  uncertainty,  aQ  -  -j—  ,  for  the  different  cases 

is  shorn  in  Table  8. 


Gate  width  G/T 

1 

2 

Gate  center  c  /T 
g 

half 

integer 

integer 

half 

integer 

integer 

triangular  interpolation 

2.28 

1.83 

^  2.26 

1.90 

rectangular  interpolation 

2.76 

2.63 

d  K1/2  S 

Table  8  --  — ^ ^  ,  Normalized  bearing  uncertainty 


for  w  T  =  4  ,  band-limited  uliite  spectrum 

o  d  ’  1 


I-2U 


4 


If  ccqT  =  n  ,  Eqs.  (22)  and  (hk)  yield 


=  arcsin  (sine  k 


k  -  0 


0  k  f  0 


The  property  in  Sq.  (I46)  allows  a  vast  simplification  of  Eqs.  (3?)  through 
(I4I)  and  also  allows  the  investigation  in  Section  IV  to  be  easily  extended 

Q 

for  values  of  normalized  gate  with  H  larger  than  2. 

From  the  property  in  Eq.  (I16), 


^k-j  ^k-j-a 


Equation  (23)  then  reduces  to 


k  =  j  a  =  0 


otherwise 


-'■n  V  v 

F  g 


By  extending  Tables  1  and  I4,  squaring,  and  summing,  we  can  show  the 
following  relations.  For  the  triangular  interpolating  function 


rn  o 

E  r  = 


G  21 
T  "  15 


O  G  3 
T  "  2 


r 

j  “  2,3,...  half  integer 


Y  =  1,2,3,...  integer 


For  the  rectangular  interpolating  function 


K-l 

E  *2 

n=0 


-=123 


half  integer  ~ 


~  =  1,2,3, . . .  integer 


I  “  25 


By  simplifying  Eq,  (15 )  for  coqT  =  n  ,  vie  obtain  for  integer  values 


of  t  /T 

g 


2  -  - 

n  N 


For  half  integer  values  of  t  /T  and  co  T  =  n  Eq.  (16)  yields 

6  ® 


2ii;  2  +  (-1)0A  2I-1 


i'.i 


■  282^) 
n  N  n  ? 

'•(?!  -i 


Substituting  the  results  of  Eqs.  (U8 )  through  (52 )  into  Eq.  (35),  we 
have  for  integer  values  of  t  /T,  and  both  interpolating  functions, 

s 


a  u_ncNK~l/2T  G  3! 

°i  2  d  ^  ^  t , 


=  1,2,3...  (53) 


For  half-integer  values  of  t  /T, 

O 


3h  2^ 


,  |  G 


n  n  "*'T  *  ~  1  c  N  ,-1/2, 

V^‘?‘  2  r/T 

V  1.(2)  ♦  (-i)G/T-i 


I  0  l1/2 

x(“)  (rectangular) 


I Q  2ll1//2 

MT  ~  32  (triangular) 


u  2, 3, U, . . 
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Q 

As  ~  increases,  the  effect  of  the  interpolating  function  vanishes,  but 

the  position  of  t  (t  =6)  makes  the  result  in  Eq,  (51)  higher  by  a 
§  2 

factor  ^  as  a  result  of  the  decreased  slope  of  F  in  the  vicinity  of 
t  =  6  for  half -integer  values  of  t  /T. 

Q  2 

In  order  to  compare  the  above  results  to  those  obtained  by  Ostrander 
and  Rae,  we  note  that  the  total  observation  time  is  KT.  In  terms  of 
bearing  uncertainty,  the  results  of  Ostrander  A  Rae^  yield  Eq.  (55), 
which  is  written  in  terms  of  the  symbols  used  in  this  report. 


For  the  spectra  in  Eqs.  (12 )  and  (13),  and  if 


Eq.  (55)  reduces  to 


(56) 


Equation  (56)  holds  only  for  small  values  of  G  such  that  the  autocorrelation 
functions  for  signal  and  noise  may  be  approximated  by 

2 

p(x)  =  1  +  —  p(0)  for  It|  <  G  (57) 

21 


For  the  assumed  spectra,  the  power  series  approximation  is 


p(r)  = 


sm  co  T 
0 


CO  T 
0 


=  1  - 


(u  T  (cO  T 

V  0  '  0 


1  I 
„  • 


5! 


(58) 
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If  t  =  G  and  coqG  =  ^  f  the  first  two  terns  of  Eq.  (50)  yield  .509, 
which  is  a  good  approximation  to  the  actual  value  of  .638  Thus  Eq.  (56) 
is  a  good  approximation  for  co  G  <  ^  . 

For  the  system  considered  in  Table  8,  a  T  =  5  ,  Eliminating  co 

O  c  0 

from  Eq,  (56) }  we  have 


c  „  LlHI  £  H  k-1/2t  „  1  56  C  N  -1/2  (s? ) 

eT  ji  d  S  1,5  d  S 

L 

p 

From  the  data  in  Table  8  for  ^  =  1  , 

aQ  =  (1,83  to  2.76)  £  |  K"1//2T  (60) 


G  G 

The  data  for  ^  =  2  is  not  significantly  different.  For  ^  =  1  , 

coqG  =  -  in  this  case  and  comparison  for  equal  gate  widths  is  valid. 

For  the  system  represented  by  the  development  leading  to  Eqs.  (53) 

and  (Sh),  «T  =  n  .  Eliminating  from  Eq.  (56),  we  have 


c  |  k-1/2t 


(61) 


G  1 

Equation  (61)  is  valid  only  if  ^  ^  ,  The  ratio  of  the  bearing 

uncertainty  in  Eqs.  (53)  and  (5h)  to  that  in  Eq.  (6l)  represents  a 
reasonable  performance  index  that  indicates  the  effect  of  increasing 
the  gate  width.  We  have  as  the  upper  bound 


r 


for  rectangular 
interpolation 


1/2 


for  triangular 
interpolation 


(62) 
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and  as  the  lower  bound 


\  =  _ r?  (G  _  3  1//2 

°Q  2  •  6^  ^ 

L 

Equations  (62)  and  (63)  are  evaluated  and  plotted  in  Fig.  I4, 


(63) 


The  result  for  bearing  uncertainty  for  a  split-beam  system  reported 
by  Usher^  ^  is 


0 


For  our  system,  M  =>  1  and  the  noise  bandwidth  of  the  low-pass  filter^ 

2  2 

is  ^  D  •  Also  the  quantities  HB(ju)  gn(«)  and  Hg(jco)  gg(u) 

correspond  to  the  signal  and  noise  spectra  assumed  in  this  report.  Under 

these  conditions ,  the  results  for  the  split-beam  system  are  identical  to 

(3) 

those  of  Ostrander  and  Rae. 


10 


Performance 

index 


\  \ 


1 


lower  bound — 

triangular  end  rectangular 
interpolating  functions 


Fifivre  1< 


m 

a 

1 

i 

8 

i 

1 
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VII,  Effect  of  Nonlinear  Tracker  (IJ0X-1A) 

The  results  of  Pryor's  analysis  ^  can  be  applied  to  the  system  in 
this  report,  but  some  care  must  be  exercised  in  using  Eq,(6)in  Reference  (ii). 
The  actual  step  size  of  the  tracker  will  be  defined  as  A^  so  that  the 
gate  center  of  the  tracker  can  assume  values 


t  °  6  +  r  A 
g  g 


r  ®  0,  +1,  12,  13,... 


(65) 


It  is  assumed  that  A^  is  much  smaller  than  T.  The  gate  circuit  output  has 
2 

a  variance  a„  and  the  mean  value  of  F  for  small  shifts  of  the  gate  center 

£ 

defined  by  Eq.  (6£)  is  approximately 


dF_ 

dt 

g 


t  °6 
g 


(66) 


2 

Expressions  for 
sections.  From  Eq. 
each  time  a  step  A 


and  the  derivative  of  F  have  been  given  in  previous 
(66),  the  shift  of  the  input  probability  distribution 
is  taken  is 


A 


g 


dF_ 

dt 

g 


t  =6 
g 


Following  Pryor's  analysis, ^)  we  are  forced  to  normalize  the  input 


dF 

standard  deviation  Op  by  the  factor 

g 


.  Equation  (67 ),  which 


t  -6 
g 


follows,  is  essentially  Eq,  (6),  Reference  (I4),  modified  to  apply  to  the 
system  considered  in  this  report. 


a 


g 


(67) 
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The  bearing  uncertainty  at  the  output  of  the  gate  circuit,  Og1,  for 
small  bearing  angles  is  ^  ^  ,  and  from  Eq,  (67 )  is  given  by 


vH3)1AW/2 


(68) 


where 


aq  =  a  Ag 


(69) 


Equation  (68)  is  valid  only  where  Ag  «  Og  . 


In  Section  VI  for  ^  =  1  ,  the  following  relation  held  for  Oq 


f 


°Q  -  < 


1.83 


.555 


V. 


c  T  N 

3^172  2 

c  T  N 


CD  T 


o1  ? 


co  T  =  n 
0 


(70) 


From  Eq,  (69)  and  the  inequality  of  An,  we  have 


« < 


O' 

1.83  |  K"1/2 


.555  |  K"1/2 


co  T 


o1  ? 


co  T  =  n 
0 


(71) 


for  validity  of  Eq.  (68), 

A  final  complete  numerical  computation  using  approximate  system 
parameters  is  now  in  order.  It  will  be  assumed  that 

K  -  500 

T  =  50X10"6  sec. 


-  =  1 
T  1 
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CO  T  =  71 
0 

A 

■f  a  .05 

c  =  5000  ft/sec, 
d  =  100  ft. 

§  =  100  ( |  -  -20  db. 


From  Eq,  (6l)  for  the  linear  and  optimal  result,  we  have 
a  »  2—  (I00)(500r1//2(50X10“6)  =  6.li*X10“3  rad  »  .35  degrees 

L  77  100 

(72) 


Assuming  from  Fig.  It  that  an  average  performance  index  of  2  is  appropriate 
for  jj|  a  1  ,  the  bearing  uncertainty  for  the  output  of  the  gate  circuit  is 

^^2 (.35)  °  .7  degrees  (73) 


The  inequality  in  Eq.  (70)  is  easily  satisfied,  so  that  the  bearing 
uncertainty  represented  by  the  output  of  the  W0X-1A  tracker  from  Eqs.  (68) 
and  (69)  is 


V  0 


iA 


-~(.o5)(5oX  io"6)(57.3)(.7) 


100 


1/2 


,056  degrees 


VIII,  Summary  and  Conclusions 

The  numerical  comparisons  carried  out  in  Section  VI  show  that  the 
clipping  and  sampling  operations  of  the  DELTl'C  processors  which  were  used 
to  compute  a  sampled  estimate  of  the  correlation  function  caused  Increased 
bearing  uncertainty  relative  to  that  provided  by  a  system  without  sampling 
or  clipping. 

The  degradation  is  not  too  large,  however,  if  the  gate  width  is  not 
large  relative  to  the  correlation  time.  From  the  numerical  factors  in 
Eq.  (59)  and  Table  8  the  ratio  of  bearing  uncertainties  ranges  from  1.17 
to  l,!i6  for  triangular  interpolation.  The  variation  is  caused  by  the 
position  of  the  signal  delay  time  relative  to  the  integral  values  of  T 
at  which  the  correlation  estimates  are  made.  Very  nearly  the  same  results 
are  obtained  for  gate  width  taking  on  values  equal  to  the  correlation  time 
of  the  process  and  also  one-half  the  correlation  time  of  the  process.  This 
result  shows  that  there  is  no  advantage  gained  by  making  the  gate  width 
extremely  small. 

By  doubling  the  bandwidth  of  the  spectrum,  it  was  possible  to  obtain 

numerical  results  for  fairly  large  values  of  gate  width  due  to  the  special 

nature  of  the  autocorrelation  function  of  signal  and  noise.  Figure  L  shows 

the  ratios  of  bearing  uncertainties  for  this  situation.  In  this  case,  for 
G 

^  =  1  ,  the  gate  width  is  equal  to  the  correlation  time  of  the  process. 

Quite  widely  varying  answers  are  obtained  due  to  the  nature  of  the 

sin  w  t 

interpolating  functions  and  the  assumed  ■-  ■  - •  •"  autocorrelation  function 

CO  t 
0 

for  signal  and  noise. 

However,  the  performance  index  generally  increases  as  the  square  root 
of  the  gate  width,  foi  gate  width  larger  than  the  correlation  time.  For 
d  =  1  ,  tiie  ratio  of  bearing  uncertainties  varies  between  1.0  and  j.O  for 
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triangular  interpolation.  It  is  expected  that  the  variation  would  be  smaller 

* 

and  less  dependent  on  the  position  of  the  gate  center  for  other  assumed 
autocorrelation  functions,  but  the  computation  would  have  been  much  more 
difficult.  An  average  value  of  2  for  the  ratio  of  bearing  uncertainty 
for  the  PUFFS  system  to  that  for  the  system  without  clipping  or  sampling 
seems  reasonable. 

For  the  numerical  example  considered  in  Section  VII,  one  might  say 
that  Oq  =  .7  degrees  corresponds  to  a  bearing  error  that  exceeds  the 

p 

linear  range  of  the  gate  circuit.  For  ^  =  1  ,  the  gate  width  corresponds 
to  an  angle  of  g  G(57*3)  =  ,ll*3°  .  An  examination  of  a  slightly  altered 
version  of  Eq.  (li;)  reveals  that  the  maximum  of  the  gate  output  occurs  in 
the  vicinity  of 


t  -  6  ^  G  for  all  *,  and  the  previous  comment  might 
6  * 


seem  to  be  correct. 


dF 


However,  the  slope  term  gg 


in  Eq.  (36)  is  used  merely  as  a 


t  =6 
E 


calibration  constant  in  computing  an  apparent  bearing  inaccuracy  from  the 

magnitude  of  the  output  signal.  Note  that  t  =  6  for  this  computation. 

E 

The  WOX-TA  tracker  does  cause  t7  to  change  in  accordance  with  the  output 

E 

signal  of  the  gate  circuit,  and  it  is  the  tracker  output  that  one  must 
examine  to  be  careful  that  the  error  does  not  exceed,  say,  one-third  of 
the  angle  at  vhich  the  peak  output  of  the  tracker  occurs.  In  the  example 
considered,  the  tracker  random  hearing  error  is  .056  degrees,  which 
slightly  excoeds  one-third  of  the  maxinun  linear  range  of  0,lb3  degrees. 
It  is  interesting  to  note  that  the  V/OX-IA  tracker  is  able  to  reduce 
the  apparent  bearing  uncertainty  because  it  acts  as  a  nonlinear  'low-pass 
filter  on  the  output  of  the  gate  circuit  and  simply  makes  the  effective 
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observation  time  much  longer  than  the  observation  time,  KT,  for  the 
estimated,  data  feeding  into  the  gate  circuit.  It  should  also  be  noted 
that  the  actual  observation  time  for  the  PUFFS  system  is  one-half  that 
of  a  continuously  operating  system,  since  no  autocorrelation  estimates 
are  made  during  the  intervals  that  DELTIC  1  is  in  the  loading  mode. 


a 
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